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Abstract 

We introduce new polynomial invariants of a finite-dimensional semisimple and cosemisim- 
ple Hopf algebra A over a field k by using the braiding structures of A. We investigate basic 
properties of the polynomial invariants including stability under extension of the base field. 
Furthermore, we show that our polynomial invariants are indeed tensor invariants of the rep- 
resentation category of A, and recognize the difference of the representation category and 

■ the representation ring of A. Actually, by computing and comparing polynomial invariants, 
we find new examples of pairs of Hopf algebras whose representation rings are isomorphic, 

£ | , but representation categories are distinct. 

o 
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In representation theory of Hopf algebras over a field k it is a fundamental problem to know 
conditions for that the representation categories of two given Hopf algebras are equivalent as 
(abstract) fc-linear monoidal categories. A complete answer for this is given by Schauenburg [27\ 
129] . He introduced a notion of bi-Galois extensions, and showed that the monoidal equivalences 
of comodule categories over Hopf algebras are classified by bi-Galois extensions of the base field 
k. If the Hopf algebra A is of finite dimension, then this is equivalent to that A and B are 
cocycle deformations of each other, which are introduced by Doi [3]. Many researchers have 
been successful to determine the bi-Galois objects and the cocycle deformations for various 
special families of Hopf algebras, e.g. [161 HI I2H1 US]. However, it is very difficult to do so in 
general. 

In this paper we introduce a new family of invariants of a semisimple and cosemisimple Hopf 
algebra of finite dimension by using the braiding structures of it, and show that our invariants 
are useful for examining whether the representation categories of two such Hopf algebras are 
monoidal equivalent or not. 



1 Introduction 
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The basic idea of our method is to utilize quantum invariants of low-dimensional manifolds, 
that are topological invariants defined by using quantum groups, namely, Hopf algebras with 
braiding structures. In contrast to most of current investigations on quantum invariants in which 
topological problems of low-dimensional manifolds are studied under a fixed Hopf algebra, in this 
research, we fix a framed knot or link, and study on representation categories of Hopf algebras. 
In particular, in this paper, by use of quantum invariants of the unknot with (+l)-framing we 
introduce polynomials P^'(x) (d = 1,2,...) as invariants of a finite-dimensional semisimple 
and cosemisimple Hopf algebra A over k. For each positive integer d the polynomial Pjfi(x) is 
defined by 



where {Mi, . . . , Mj} is a full set of non-isomorphic absolutely simple left ^4-modules of dimension 
d (so, dimAfj = d for all i), and dim R Mi £ k is the quantum invariant of unknot with (+1)- 
framing and colored by Mj. In algebraic language, dim R Mj is the category-theoretic rank of 
Mj in the left rigid braided monoidal category (^M , cr) |15] . where ^M f ' d ' is the monoidal 
category of finite-dimensional left ^4-modules and A-linear maps, and cr is the braiding of J 4M f d ' 
determined by R. 

Provided that the polynomial P^(x) is not a constant, all roots of P^\x) are n-th roots 
of unity for some positive integer n. Furthermore the polynomial has nice properties such as 
integer property and stability under extension of the base field as follows. All coefficients of the 
polynomial are integers if k is a finite Galois extension of the rational number field Q, and A is 
a scalar extension of some finite-dimensional semisimple Hopf algebra over Q. The polynomial 
is stabilized by taking some suitable extension of the base field, more precisely, there is a finite 
separable field extension L/k so that P^l{x) = P^l(x) for any field extension E/L. 

It is more interesting to note that our polynomial invariants are indeed invariants of repre- 
sentation categories of Hopf algebras, and recognize the difference of representation categories 
and representation rings of that. In general, if representation categories of two finite-dimensional 
semisimple Hopf algebras are equivalent as monoidal categories, then their representation rings 
are isomorphic. However, the converse is not true. For example, by Tambara and Yamagami [32], 
and also Masuoka [18], it has proved that if the characteristic of k is or p > 2, then three 
non-commutative and semisimple Hopf algebras fc[-Ds]> fc[Qs]> K% of dimension 8 have the same 
representation ring, but their representation categories are not mutually equivalent, where D$ is 
the dihedral group of order 8, Qg is the quaternion group, and K$ is the Kac-Paljutkin algebra 
[9j[T7]. This result is confirmed by our polynomial invariants, again. Moreover, by computing 
and comparing polynomial invariants we find new examples of pairs of Hopf algebras, whose 
representation rings are the same, but representation categories are distinct. 

This paper consists of six sections in total, and they are divided into two parts except this 
introduction: from Section 2 to Section 4 the definition and general properties of the polynomial 
invariants are discussed, and from Section 5 to the final section several concrete examples are 
computed, and applications are described. Detailed contents are as follows. In Section 2 we 




i=l R : braidings of A 




introduce the definition of our polynomial invariants of a semisimple and cosemisimple Hopf 
algebra of finite dimension. It is proved that the polynomial invariants are indeed invariants 
of the representation category of such a Hopf algebra. In Section 3 some basic properties 
of polynomial invariants are studied. It is shown that the polynomial invariants have nice 
properties such as integer property and stability under extension of the base field. In Section 4 by 
dualizing the method of construction of our polynomial invariants, we state a formula to compute 
them in terms of coalgebraic and comodule-categorical language. In Section 5 we demonstrate 
computations of polynomial invariants for several Hopf algebras including the Hopf algebras 
(N is odd, and A = ±1), that are introduced by Satoshi Suzuki [30J, and by comparing them 
we re-prove the Tambara, Yamagami and Masuoka's result as previously mentioned, and also 
find some pairs of Hopf algebras, whose representation rings are isomorphic, but representation 
categories are distinct. In the final section as an appendix we determine the structures of 
representation rings of the Hopf algebras At^, and determine when they are self-dual, which 
are used in Section 5. 

Throughout this paper, we use the notation £g> instead of and denote by ch(fe) the char- 
acteristic of the field k. For a Hopf algebra A, denoted by A, e and S are the coproduct, the 
counit, and the antipode of A, respectively, and G(A) is the group consisting of the group-like 
elements in A, and A cop is the resulting Hopf algebra from A by replacing A by the opposite co- 
product A cop . We write for the fc-linear monoidal category whose objects are left A-modules 
and morphisms are left A-linear maps, and write for the fc-linear monoidal category whose 
objects are left A-comodules and morphisms are left A-colinear maps. For general references 
on Hopf algebras we refer to Abe's book [I], Montgomery's book [19] and Sweedler's book [51] . 
For general references on monoidal categories we refer to MacLane's book p3] and Joyal and 
Street's paper [8]. 

2 Definition of polynomial invariants 

In this section we introduce a new family of invariants of a semisimple and cosemisimple Hopf 
algebra of finite dimension over an arbitrary field. They are given by polynomials derived 
from the quasitriangular structures of the Hopf algebra. By the method of construction of the 
polynomials they also become invariants under monoidal equivalence of representation categories 
of Hopf algebras. 

Let us recall the definition of a quasitriangular Hopf algebra [5]. Let A be a Hopf algebra over 
a field k, and R G A ® A an invertible element. The pair (A, R) is said to be a quasitriangular 
Hopf algebra, and R is said to be a universal R-matrix of A, if the following three conditions 
are satisfied: 

• A cop (a) = R ■ A(a) • iT 1 for all a e A, 

• (A<g>id)(12) = R n R 2 3, 



(id® A) (12) = R i3 R i3 . 



Here A cop = ToA, T : A® A — ► A® A, T(a ® b) = b <g> a, and G A ® A ® A is given by 
R 12 = R® 1, i? 23 = 1 (gi fl, i? 13 = (T ® id)(i? 23 ) = (id T)(Ri 2 ). 

\{ R = Y^i ®4 ® A is a universal i?-matrix of ^4, then the element u = S(Pi)a{ of ^4 is 
invertible, and it has the following properties: 

(i) S 2 (a) = uau^ 1 for all a € A, 

(ii) S(u)=j: t a l S(f3 l ). 

The above element u is called the Drinfel'd element associated to R. If A is semisimple and 
cosemisimple of finite dimension, then the Drinfel'd element u belongs to the center of A by the 
property (i) and S 2 = id^ Corollary 3.2(i)]. 

Let (A, R) be a quasitriangular Hopf algebra over a field k and u the Drinfel'd element 
associated to R. For a finite-dimensional left A-module M, we denote by dim R M the trace 
of the left action of u on M, and call it the R-dimension of M. The /^-dimension dim ^M 
is a special case of the braided dimension of M in the left rigid braided monoidal category 
(^M f,d ', cr) (see Section 4 for the definition of braided dimensions). 

To define polynomial invariants, we use the following result established by Etingof and Gelaki 

®- 

Theorem 2.1 (Etingof and Gelaki). Let A be a cosemisimple Hopf algebra of finite dimension 
over a field k. Then 

(1) the set of universal R-matrices Braid (A) is finite, 

(2) provided that A is semisimple, (dimM)lfc ^ for any absolutely simple left A-module 

M. 

Remark 2.2. The proof of Part (1) was given in [7] Corollary 1.5] (see also Remark 13.121 
in Section 3). In an extra case such as characteristic or positive characteristic with some 
additional assumptions, it was proved by Radford [231 Theorem 1]. The proof of Part (2) was 
given in Corollary 3.2(h)]. The Etingof and Gelaki's proof is based on a Larson's result |1CH 
Theorem 2.8], that is the same as Part (2) with the assumption S 2 = id^. 

Let A be a semisimple and cosemisimple Hopf algebra of finite dimension over a field k. For 
a finite-dimensional left j4-module M with (dimM)lfc ^ 0, we have a polynomial 

II * *!4 

flg Braid (A) 

Furthermore, for each positive integer d a polynomial Pi (x) is defined by 

f 

P A d \x):=l[P A , Mi (x) 6 k[x], 
i=i 

where {Mi, . . . , M{\ is a full set of non-isomorphic absolutely simple left A- modules of dimension 
d. Here, if there is no absolutely simple left A-module of dimension d, then we set P { f\x) = 1. 



Example 2.3. Let G = C m be the cyclic group of order m generated by g, and let k be a field 
whose characteristic does not divide m. Suppose that k contains a primitive m-th root of unity 
to. Then any universal i?-matrix of the group Hopf algebra fe[C TO ] is given by 

m— 1 

R d = ^ uJ dij Ei ®Ej (d = 0, 1, . . . ,m - 1), (2.1) 

i,j=0 

where Ei = ^ YlY=o ( see P33 for example). Let Mj = k be the (absolutely) simple left 

fc[C m ]-module equipped with the action Xj(9 p ) = U,3P (p = 0) 1> ' ' ' > m ~ !)• For each d and i, 
then dim R Mj = u~ d i 2 since the Drinfel'd element Ud of i?d is given by Ud = '^^jo' <*>~^ 2 E%. 
Thus we have 

TO— 1 TO — 1 

P^ m] (x) = \\ (x - u~ dj2 ) = \\ (ar^dfe _ ^(j 2 .™). 

d,j=0 j=0 

Two Hopf algebras ^4 and i? over fc are said to be monoidally Morita equivalent if monoidal 
categories and gM are equivalent as fc-linear monoidal categories. 

Lemma 2.4. Let A and B be Hopf algebras of finite dimension over k. If a k-linear monoidal 
functor F : — > is an equivalence between monoidal categories, then dim M = dimF(M) 
for any finite- dimensional left A-module M . 

Proof. We set H := yl* co P, L := B* cop . Then the monoidal categories and B M can be 
identified with the monoidal categories ^M, L M, respectively, and F can be regarded as a k- 
linear monoidal functor from to l ~Ml. By a Schauenburg's result [27, Corollary 5.7], there 
is an (L, if)-bi-Galois object X and a monoidal natural equivalence £ : F ==> Fq, where Fq is 
the fc-linear monoidal functor defined by 

F :^M — > L M, Mi — ► XUjjM, 

and Oh denotes the cotensor product over H. Thus for a finite-dimensional left A-module M , 
we have a fc-linear isomorphism 

X <g> F(M) pra#M) ^ (X <g) X)D H M 

(X ® H)O h M ^ X <g> (HO H M) = X ® M. 

This implies that dim F(M) = dim M. □ 

Lemma 2.5. Zei A and 1? 6e .ffop/ algebras of finite dimension over k. If a k-linear monoidal 
functor (F, (f>, u>) : — > is an equivalence between monoidal categories, then there is a 
bijection $ : Braid(A) — > Braid(-B) such that for a finite- dimensional left A-module M and a 
universal R-matrix R E Braid(A), 



dimpM = dim^ (R) F(M). 



Proof. Let (G,(f>',u>') : #M — ► be a quasi-inverse of (F,<f>,u). Then there are fc-linear 
monoidal natural transformations if : (F,(f),uj) o (G,<f)',uj') => 1 s m and V : (G,(f>',uj f ) o 
(F, (f), ll>) ==> 1 a m, where lj, stands for the identity functor on v = ^M, gM. 

A universal .R-matrix i? = £^ on <8> Pi of A defines a braiding c = {cm,n : M ® N — ► 
A (g) M}m,7V€aM consisting of v4-linear isomorphisms 

CM,N(m <8> n) = ^ /^n £3 c^m (m £ M, n £ N). 

i 

The braiding c gives rise to a braiding c' of gM, which consists of i?-linear isomorphisms 
Q — ► Q P (P,Q G bM) such that the following diagram commutes. 



c 'p,Q : P 



<p(p)®<p(Q) 
FG{P) ® FG(Q) 

<t>G(P),G{Q) 

F(G{P)®G{Q)) 



F ( C G(P),G(Q)) 



Q®P 

<p(Q)®<p(P) 

FG(Q) FG(P) 

4>G(Q),G(P) 

F(G(Q)®G(P)) 



Then &(R) := (T o c' B #)(1) is a universal R -matrix of B, where T : B ® B — ► B <S> B 
is defined by T{a <8> b) = b <g> a (a,b G B). It is easy to see from definition that the map 
: Braid (A) — ► Braid(i?) defined as above is bijective. 

Let M be a finite-dimensional left A-module, and eM and um the evaluation and coevaluation 
morphisms defined by 



e M -M*®M — > k, 
n M : k — ► M <g> M* , 



e M (f ®m) = f{m) (f G M* ,m G M), 
nj^(l) = ^ ej <8) e* (the canonical element). 



Then eM°CM,M*°nM = ( dim i? M)idfc. So, we may identify dim ^M = eM°CM,M*°nM- We set 
e F(M) ■=^ 1 °F{e M )°4>M*,M andn' F(M) := 4>~£ >M . oF(n M )ou. Then (F(M*), e' F(M) , n' F(M) ) is 
a left dual for F(M). Since the fc-linear monoidal functor (F, </>, a;) becomes a braided monoidal 
functor from (aM,c) to (bM,c'), it follows that 



e F(M) ° C F(M),F(M*) 



° n F(M) 
F{e M o c M ,M* ° "Af ) ° w 
(dim^M) a; -1 o F(id fe ) o uj 
dim^M. 



□ 



Theorem 2.6. Let A and .B 6e semisimple and cosemisimple Hopf algebras of finite dimension 
over k. Ij 
integer d. 



over k. If A and B are monoidally Morita equivalent, then P A d \x) = P^\x) for any positive 



Proof. Let F : — ► gM be a fc-linear monoidal functor which gives an equivalence of 
monoidal categories, and let us consider the bijection : Braid(^4) — * Braid(i?) given as in 
the proof of Lemma 12,41 

Let M be an absolutely simple left ^4-module. Then F{M) is also an absolutely simple left 
-B-module, and by Lemma 12.41 and Lemma 12.51 we have 

P a ,m(x) =Pb,f{m)(x). (2.2) 

Let {Mi, . . . ,Mt} be a full set of non-isomorphic absolutely simple left ^4-modules of di- 
mension d. Then {F(M\), . . . , F(Mt)} is also a full set of non-isomorphic absolutely simple left 
-B-modules of dimension d. Applying the equation (|2.2p to M = Mj (i = 1, ... ,t), and taking 
the product of them, we havePj d) (x) = pg\x). □ 

Remark 2.7. Our polynomial invariants are useful only if a semisimple and cosemisimple Hopf 
algebra has a quasitriangular structure. However, by considering the polynomial invariants of 
the Drinfeld double of it we have monoidal invariants of the original (arbitrary) semisimple Hopf 
algebra of finite dimension. 



3 Properties of polynomial invariants 

In this section we investigate basic properties of the polynomial invar iantsPj*(x) (d = 1,2,- ■■) 
defined in Section 2. This section consists of two subsections. In the subsection 3.1 we prove 
that all coefficients of p\ (x) are integers if k is a finite Galois extension of Q, and A is a scalar 
extension of some finite-dimensional semisimple Hopf algebra over Q. In the subsection 3.2 
we prove that P^'{x) is stabilized by taking some suitable extension of the base field, more 
precisely, there is a finite separable field extension L/k so that P^(x) = PY£(x) for any field 
extension E/L. 

3.1 Integer property of polynomial invariants 

First of all, we show that the coefficients of pj (%) he in the integral closure of the prime ring 
of the base field of A. To do this we need the following lemma. 

Lemma 3.1. Let (A,R) be a quasitriangular Hopf algebra over k and u the DrinfeVd element 
associated to R. If A is semisimple and cosemisimple, then u ( dimA ) 3 = i. 

Proof. Let us consider the following subHopf algebras of A : 

B = {(a® id) (12) | a e A* }, H = { (id <g> a)(R) | a e A* }. 

By \25\ Proposition 2], the Hopf algebra B is isomorphic to the Hopf algebra h* c °p. Let 
(D(H),1Z) be the Drinfel'd double of H. By [251 Theorem 2], there is a homomorphism F : 



(D(H),TZ) — * (A, R) of quasitriangular Hopf algebras. It follows that the Drinfel'd element u 
of (D(H),1Z) satisfies F{u) = u. Since A is semisimple, subHopf algebras H and H* cop = B 
are also semisimple |13|. Corollary 2.5]. Thus H is semisimple and cosemisimple. So, we have 
^(dimH) 3 = i by [6] Theorem 2.5 & Theorem 4.3], and n ( dim ^) 3 = 1. Since dimA is divided by 
dimH \'2b\ Proposition 2], the equation u ( dimA ) 3 = \ j s obtained. □ 

For a field K, let Zk denote the integral closure of the prime ring of K, that is, if the 
characteristic of K is 0, then Zk is the ring of algebraic integers in K, and if the characteristic 
of K is p > 0, then Zk is the algebraic closure of the prime field F p in K. 

Lemma 3.2. Let (H,R) be a semisimple and cosemisimple quasitriangular Hopf algebra over 
a field K. If M is an absolutely simple left H -module, then (by Theorem \2.1\ (dimM)l^ 7^ 
and, ) 

/ dim fl M \ (dimH)3 
V dim M J ~ 

In particular, =jn=rrf € Zk ■ 

Proof. The Drinfel'd element u of (H, R) belongs to the center of H since H is semisimple and 
cosemisimple. Thus the left action u M : M — ► M of u is a left fZ-endomorphism. Since M 
is absolutely simple, u M is a scalar multiple of the identity morphism, so it can be written as 
u M = lom^Am for some ujm £ K. Then by Lemma IBTTI we have 

dimM = Tr(uf; mH)3 ) = 4f mH)3 Tr(id M ) = J* mH)3 dimM. 

Thus uj^j mH ^ = 1. This implies that ujm = belongs to Zk- □ 

Form Lemma |3.2| we have the following immediately. 

Proposition 3.3. Let H be a semisimple and cosemisimple Hopf algebra of finite dimension over 
a field K . Then for any absolutely simple left H-module M , the coefficients of the polynomial 
Ph,m(x) are in Zk- Therefore, Pjf\x) G Zk[x] for any positive integer d. 

Now, we will examine relationship between polynomial invariants and Galois extensions of 
fields. Let K/k be a field extension, and let Aut(iT/fe) denote the automorphism group of K/k. 
For a i^-linear space M and a £ Aut(iT/fe), a if-linear space °M is defined as follows : 

(i) °M = M as additive groups, 

(ii) the action * of K on °M is given by 

c-km := a(c) ■ m (c£K,m£M), (3.1) 



where • in the right-hand side stands for the original action of K on M. 



For a iT-linear map / : M — ► N and a G Aut(K/k), we have 

f(c*m) = f(a(c)-rn)=a(c)-f(m) = c*f(rn) (c£K, m G M), 

thus / can be regarded as a if -linear map from a M to a N . We denote by a f the if -linear map 
f : a M — ► °N. 

The monoidal category #-M of if -linear spaces and if -linear maps has a canonical braiding, 
which is given by usual twist maps. For an automorphism a G Aut(K/k), the functor 

°F: K M — ► K M, Mi — > a M, f i — > a f (3.2) 

gives a if -linear braided monoidal functor. Since a F o T F = aT F for all a, r G Aut(if/fc), the 
functor °F : ifM — > gives an isomorphism of if -linear braided monoidal categories. In 
general, a if -linear braided monoidal functor F : #-M — ► j^M maps a Hopf algebra to a Hopf 
algebra. So, for a Hopf algebra H over if and an automorphism a G Aut(if/fc), a H also a Hopf 
algebra over if. The Hopf algebra structure of a H is the same as that of H with the exception 
that the action of K on a H is given by (|3.1|) . and the counit eojy of is given by e<rjj = a^ 1 oeh- 

Lemma 3.4. Let K/k be a field extension, and H a Hopf algebra over if. Let R G H <S>k H be 
a universal R-matrix of H, and a G Aut{K/k). Then 

(1) R is also a universal R-matrix of a H. We write a R for this universal R-matrix of a H . 

(2) the Drinfel'd element of the quasitriangular Hopf algebra { a H, a R) coincides with the 
Drinfel'd element of (H, R). 

(3) for a finite- dimensional left H -module M , we have dim CTR a M = o~~ l ( dim R M). 

Proof. Parts (1) and (2) follow from definition. We show Part (3). Let u G H be the Drinfel'd 
element of (H,R). By Part (2), u is also the Drinfel'd element of ( a H, a R). Let {ej}f =1 be a 
basis of M over if, and write 

n 

u ■ ej = ajiCj (a,ji G if). 
j=i 

Then u ■ ej = Y^=i a ~ 1 ( a ji) * e j> an d whence 

n n 
i=l i=l 

□ 

For a field automorphism a : if — > K and a polynomial P(x) = Co + c\x + • • • + c m x m (cj G 
K, i = 1, . . . , m), we define a ■ P(x) G K[x] by 



a ■ P(x) := <j(cq) + a(c\)x H h a(c m )x 



Lemma 3.5. Let K/k be a field extension, and H a semisimple and cosemisimple Hopf algebra 
over K of finite dimension. If ' M is a finite- dimensional left H -module such that (dimM)l^ 7^ 0, 
then for an automorphism a G Aut{K/k) we have 

<J~ X ■ Ph,m( x ) = P"H,"m{x). 
Proof. Setting N = °M, by Lemma 13. 4( 3) we have 

_Bg Braid (Jf) 

= TT / _ a-Hdnn R M) 
H V dimM 

flg Braid (g) 

- TT (r- — " rN 
H V dimiV 

flg Braid (g) 

= P-h,n(x). 

(*) 

Here, the last equation (*) follows from what the map Braid (ff) — ► Braid ( a H), R 1 — ► a R is 
bijective by Lemma l3~4T l). □ 

Let A be a Hopf algebra over a field k, and K an extension field of k. Then A K = A(£> K 
becomes a Hopf algebra over K, and the automorphism group Aut(K/k) acts on A K as follows: 

a ■ (a (8) c) = a (g> er(c) (<r G Aut(iT/fc), aei, c G if). (3.3) 

We set = A K . Then for each a G Aut(K/k) the left action on H given by (|3.3p defines a 
Hopf algebra isomorphism from H to a H, denoted by a : H — * a H. Furthermore, we see that 
if R is a universal i?-matrix of H , then a becomes a homomorphism of quasitriangular Hopf 
algebras from (H,R) to { a H, a R). Thus hvX(K/k) acts on Braid (i/) from the right by 

i? G Braid (H) 1 — ► (a^ 1 ®k a' 1 )^) G Braid(tf). 



Theorem 3.6. Let K/k be a finite Galois extension of fields, and A a semisimple and cosemisim- 
ple Hopf algebra over k of finite dimension. Then Pyjj(x) G (knZj<c)[x] for each positive integer 
d. 

Proof. First of all, let us check to see that the Hopf algebra H = A K is semisimple and 
cosemisimple. Since the Hopf algebra A is semisimple, it is separable (see [191 Corollary 2.2.2]). 
Thus H is a semisimple Hopf algebra over K of finite dimension. Applying the same argument 
to the dual Hopf algebra A* , we see that H is a cosemisimple Hopf algebra over K. Eventually, 
we see that H is semisimple and cosemisimple. 

Let Irrl (H ) denote the set of isomorphism classes [M] of absolutely simple left ii-modules 
M of dimension d, and set t = pxT^(H). If t = 0, then P^f\x) = 1, and hence P^\x) G 

(knz K )[x\. 



Hereinafter, we consider the case of t > 0. For an automorphism a G G&\(K/k), the map 

Irr (H) — ► IrrJ, d) ) , [M] .— > [°M] 

is bijective. Here, by Lemma 1331 we have cr _1 • P^\x) = P^ (x) = P^\x), and we see that 
Pj^(x) G On the other hand, since P^(x) G Zk[x] by Proposition 13. 3^ it follows that 

Pfl\x) G (fcflZjf)[x]. □ 



As applications of the above theorem we have two corollaries. 

Corollary 3.7. Let K be a finite Galois extension field ofQ, and A a semisimple Hopf algebra 
over Q of finite dimension. Then P^(x) G Z[z] for any positive integer d, where Z denotes the 
rational integral ring. 

Proof. By a finite-dimensional semisimple Hopf algebra over a field of characteristic is 
cosemisimple. Thus the semisimple Hopf algebra A K is cosemisimple. Since Q n Zk = Z, by 
applying Theorem 13.61 we have P^(x) G Z[x]. □ 



Corollary 3.8. Let r be a finite group, and K a finite Galois extension field of Q. Then 
P^} r -\{x) G Z[x] for any positive integer d. 

Proof. The group Hopf algebra K[T] is isomorphic to the scalar extension of Q[T] by K. 
Since a group algebra over a field of characteristic is semisimple, by Corollary 13.71 we have 
P^) r Jx) G Z[x] for any positive integer d. □ 



3.2 Stability of polynomial invariants 

Given a field extension K/k, any universal i?-matrix R of A can be regarded as a universal R- 
matrix of the scalar extension A K in a natural way (see below for details). So, for an increasing 
sequence of finite extensions of fields k ^ K\ ^ K2 Q ■ ■ ■ we have an increasing sequence of 
sets of universal i?-matrices Braid(A) C Braid(^4^ 1 ) C Braid (yl^ 2 ) C • • • . In this subsection we 
show that there is n such that Br aid (A n ) = Biaid (A Kn+1 ) = ■ ■ ■ . As an application, we prove 
that the polynomial invariants P^\x) (d = 1,2,...) are stabilized by taking some suitable 
extension of the base field. 

Let A be a Hopf algebra over a field k, and L a commutative algebra over k. Then A L = A®L 
becomes a Hopf algebra over L. Furthermore, if R = on ® is a universal i?-matrix of A, 
then 

R L = ^{ai®l k )® L {(3i®l k ) G A L ® L A L 

i 

is a universal .R-matrix of A . Via the injection Braid (A) — ► Braid f^) which sends R to R L , 
we frequently regard Braid(yl) as a subset of ~Braid (A L ). 



Let alg fc denote the fc-additive category whose objects are commutative algebras over k and 
morphisms are algebra maps between them. Let A and B be two Hopf algebras over k. For a 
commutative algebra L G alg, , we set 

Hopf L (A L ,B L ) := { the L-Hopf algebra maps A L — ► B L }, 

and for an algebra map / : L\ — > L2 between commutative algebras L\,L 2 G alg fc and 
ip G Hopf Ll (A Ll , B Ll ) we define a map G Hopf i2 (A i2 , f? L2 ) by the composition: 

A ® L 2 ld0r? > A <g> (Li <g> L 2 ) = (A <g> Li) L 2 — » (5 (8) Li) (8 L 2 
lda ® / > {B®L 2 )®L 2 ^B® (L 2 (8 L 2 ) £ g, £ 2j 

where /j£ 2 is the multiplication of L 2 , and 77 : L 2 — > Li (8 £ 2 is the fc-algebra map defined by 
rj(y) = 1l x ®y (y G L 2 ). This fc-linear map is directly defined by 

(f*<p)(a<g>y) = (8 f <p(a <8 IlJ = ^ &i <8 x^j 

i i 

for all a G yl, y G L 2 . Let Set denote the category whose objects are sets and morphisms are 
maps. Then we have a covariant functor Hopf(A, B) : alg fc — ► Set such as 

for an object : L 1 — * Hopt L (A L , B L ), 
for a morphism : / 1 — * ^Hopf(yl, B)(f) : (p 1 — > /*^^ • 

Provided that A and B are of finite dimension over k, the functor Hopf(^4, B) becomes an 
algebraic affine scheme over k, that is, it is represented by a finitely generated commutative 
algebra Z G alg fc [34, p. 4-5 & p. 58]. Furthermore, if A is semisimple, and B is cosemisimple, 
then the representing object Z is separable and of finite dimension, as the proof is given in the 
next proposition. This result is essentially proved by Etingof and Gelaki [7j Corollary 1.3], and in 
the case of A = B and the affine group scheme Aut(A) the same result is proved by Waterhouse 
[351 Theorem 1] (see also [221 Corollary 6] and [231 Proposition 1] in case of characteristic or 
positive characteristic with some additional assumptions). 

Proposition 3.9. Let A and B be Hopf algebras over k of finite dimension. If A is semisimple, 
and B is cosemisimple, then the affine scheme Hopf(A, B) is finite etale, that is, a representing 
object Z G alg k of Hopf(A, B) is separable and of finite dimension. 

Proof. For two algebras A and B over k, let Alg k (A, B) denote the set of the fc-algebra maps 
from A to B. Let Z G alg fc be a representing object of the functor Hopf(^4, B) : alg fc — ► Set . 
Since Z is finitely generated commutative, it is a Noetherian algebra over k. Thus for an 
algebraically closed field k which contains k, the fc-algebra Z := Z (8 k is also finitely generated 
commutative Noetherian. Then by Hilbert's Nullstellensatz the nilradical vO of Z coincides 
with the Jacobson radical rad Z, and the set of minimal prime ideals of Z is finite. We will show 



that any maximal ideal of Z is a minimal prime ideal. To do this, it is enough to prove that 
m 2 = m for any maximal ideal m of Z . For <f> G Alg k {Z, k), let us consider the (^-derivations 

Der^,(Z, k) = { fc-linear maps 5 : Z — > k \ 8{zz') = 4>{z)z + z(j){z') (z, z G Z) }. 

Considering the maximal ideal m^ := Ker (ft of Z, we have a fc-linear isomorphism (m^/m 2 )* — > 
Der<^(Z, k). However, Der^(Z, k) = by the proof of Corollary 1.3]. So, we have m^, = m^. 
It follows from Hilbert's Nullstellensatz that m = m 2 for any maximal ideal m of Z. Since 
mZ m = 0, the localization Z m becomes a field. This means that m is a minimal prime ideal of 
Z. 

From the above argument, it follows that the set of maximal ideals of Z is finite. So, let 

mi, . . . , m; be the maximal ideals of Z. Then we have rad Z = mi Pi . . . fl m; = mi rti/. 

Since rad Z = \/0 is nilpotent, (rad Z) n = for a sufficiently large integer n. From this fact 

and mj = rrij (j = 1, . . . we see that rad Z = (rad Z) n = 0. Therefore, mi m; = 0. 

This implies that the Noetherian algebra Z is Artinian. Thus Z is semisimple, that is, Z is 
separable. □ 

For a Hopf algebra A over k, the fc-linear space Honifc(A* , A) possesses a left A-module 
action — and a right vl-module action - 2 — defined as follows. 



for / G Honifc(j4*, A), p G A*, a G A. Here ( , ) denotes the natural pairing of A* and A, and 



Lemma 3.10 ([24])- Let A be a Hopf algebra over k, and F : A® A — > Hom k (A* , A cop ) be 

the injective k-linear map defined by 



For an element Re A® A we set f = F(R) : A* — > A cop . Then 

(1) given a G A, R satisfies A cop (a) ■ R = R ■ A(a) if and only if a f = f a, 

(2) R satisfies (A® id){R) = R13R23 and (e<g>id)(R) = 1 if and only if f is an algebra map, 

(3) in the case where A is finite- dimensional, R satisfies {id® A)(i?) = R13R12 and {id® 
s){R) = 1 if and only if f is a coalgebra map. 

Therefore, if A is finite- dimensional, then the following are equivalent : 

(i) R is a universal R-matrix of A, 

(ii) f is a Hopf algebra map satisfying a — 1 / = / a for all a £ A, 





the sigma notation such as A(a) = X^ a (i) ® a (2) is used. 




{F{a® b)){p) =p{a)b 



{a, be A, p G A*). 



and the restriction of F to Braid (A) defines an injection ja '■ Braid jA) 



Hopf k {A*,A c °P). 



Combining Proposition 13.91 with Lemma 13.101 we have the following theorem. 



Theorem 3.11. Let A be a cosemisimple Hopf algebra over a field k of finite dimension. Then 
there is a separable finite extension field L of k such that Braid(yl L ) = Bi&id (A E ) for any field 
extension E/L. 

Proof. Since A is cosemisimple, the dual Hopf algebra A* is semisimple. By Theorem I3.9[ a 
representing object Z G alg fc of the functor Hopf(A*, A cop ) : alg fc — ► Set is separable and of 
finite dimension. So, we take a separable finite extension field L of k which is a splitting field of 
Z. We set H = A L , and consider the injective map jjj : Braid Cff") — ► Hop{ L (H* , H cop ) defined 
as in Lemma 13.101 

Let E be an extension field of L. Then the following diagram commutes for the inclusion 
i : L — > E. 

3H 



Braid(tf) 



Hopf L (#* , H°°P) 

l\\ (*2) 
Hopf L ((A*) L ,(A^) L ) 



Hopf (A*, A c °P)(i) 



Braid(ff E ) 

(*1) l\\ 
Braid(A B ) 



3ae 



Ropf E ((A*) E ,(A c °v) E ) 

l\\ (*3) 
Kopi E ((A E y,(A E rv) 



Here, the arrow Braid (ff) — ► Br&id (H E ) of L.H.S. is expressing the map defined by R i — > 
R E , and the isomorphisms marked with (*1), (*2), (*3) are induced from the Hopf algebra 
isomorphisms defined below, respectively: 



H E = {A L )® L E 
ll : (A*) L 



A 1 



(A L y = h* 



(a ® x) ®l y •— 
Li,(q <g) x) : a® x' 



a® xy (a G A, x G L, y G E), 
— ► q(a)xx' (q G A* , x, x G L), 

q(a)yy' (ge A*, y, y' g E). 



We will show that Hopf(A*, ^4 cop )(i) is bijective. Since Z is a representing object of 
Hopf(>l*, ^4 cop ), there are isomorphisms and such that the diagram 



Hopf L ((^) L ,(A c °P) i ) 



Alg fc (Z,L) 



Hopf(A*, A c °P)(i) 



Ropf E ((A*) E ,(A c °P) E ) 



AJg fc (idz,«) 



AJg fc (Z,£0 



commutes. From this commutative diagram it is sufficient to show that := Alg fe (idz,i) : 
Alg fc (Z, L) — > Alg fc (Z, E 1 ) is bijective. It is clear that i* is injective. To prove that i* is 
surjective, let / be an algebra map in Alg fc (Z, E). Then f{Z) C L, since Z ®L = L® n for some 
n as algebras over L, and E 1 is a field. So, every algebra map / G Alg fc (Z, £7) defines an algebra 
map g : Z — ► L such as i*(g) = f. This means that Alg fe (idz, i) : Alg k (Z,L) — ► A\g k (Z,E) is 
surjective. 

Next, we will show that Hopf(^4*, A cop )(i) preserves the actions — ^ and Let tp be an 
element in Hopf L ((yl*) L , (A c °p) l ). Then by using what i*tp = (Hopf(A*, A cop )(i))(tp) is given 
by 

(U(p)(p ®y) = ?{p ® U) • (U ® y) (p e A*, y g -E 1 ), 

we have 



((a 1 L ) p)(p ® l L ) = (a ® l L )){p ® 1 L ) 

<^=> ((a ® lg) i*<^)(p 8) 1e) = (z*^ *~ (a ® 1e))(p ® Is) 

for all a G A, p £ A* . This implies that 

(a (8> x) — 99 = tp (a (8) x) for all a G A and x £ L 

<^=^ (a(g> y) — 1 2*92 = i*v9 ^ (a g) j/) for all a G A and y £ E. 

By Lemma [3.10l then we see that the map Braid (H) — ► Braid (g g ), R 1 — ► i? £ is bijective. 

□ 



Remark 3.12. Using Proposition 13.91 and Lemma [3 .101 one can give a proof of Theorem l2.1f i) 
as follows (c.f. [7\ Corollary 1.5]). Let A be a cosemisimple Hopf algebra over k of finite 
dimension, and take L and H as in the proof of Theorem 13. Ill Then by Proposition 13.91 the set 
Hop£ L (H* , H cop ) is finite. It follows from the injectivity of jn that the set Braid (ff) is finite, 
too. Since Braid(^4) can be identified with a subset of Braid (ff), the set Braid (A) is also finite. 
This ends the proof of Theorem l2.1f i). 

We note that for any field extension K/k it is also true that Braid(^4^) is finite. Because, 
the scalar extension A K is still cosemisimple. 



Corollary 3.13. Let A be a semisimple and cosemisimple Hopf algebra over a field k of finite 
dimension. Then there is a separable finite extension field Lofk such that for any field extension 
E of L and for any positive integer d, PV^(sc) = P^l(x) in E[x\. 

Proof. Since A is separable by |1Q|, Corollary 2.2.2], there is a finite separable extension field 
K of k such that it is a splitting field of A. Then H := A K is a semisimple and cosemisimple 
Hopf algebra over K of finite dimension. 

Let L be a separable finite extension field of K having the property in Theorem 13.111 Then 
for any field extension E/L and any absolutely simple left //^-module M, the left (i7 L ) E -module 
M E is absolutely simple, and the equation 

P(hl)e m e(x) = P h l m {x) (3.4) 

holds in E[x] since dim R g M E = dim R M for all R € Braid (ff). Since K is a splitting field of H, 
if {Mi, . . . ,Mt} is a full set of non- isomorphic absolutely simple left ff-modules of dimension 
d, then {Mf,...,Mf} is a full set of non-isomorphic absolutely simple left i^-modules of 
dimension d. Prom this fact and the equation (|3.4p . we have the equation 

t t 

p[hL)e{x) =YI P {HL)E,(M i l )e(x) = Y[PHL,Mf( x ) = P hU x ) in E l x ]- 
i=l i=l 

Since (H L ) E = H E = (A K ) E ^ A E as Hopf algebras over E, we have P^ L)E {x) = P$(x), and 
since H L = (A K ) L = A L as Hopf algebras over L, we have P^ L (x) = P^l(x). Thus the desired 
equation P^£ (x) = P^fl (x) is obtained. 

Finally, we remark that the extension L/k is separable since two extensions L/K and K/k 
are separable. □ 



4 Dual formulas for polynomial invariants 

In this section we give a formula to compute the polynomial invariants for a self-dual Hopf 
algebra of finite dimension in terms of the braidings of the dual Hopf algebra. 

Let us recall the definition of a braiding of a Hopf algebra [3]. Let A be a Hopf algebra 
over a field k, and let a : A tg) A — > k be a fcdinear map that is invertible with respect to the 
convolution product. The pair (A, a) is said to be a braided Hopf algebra, and a is said to be a 
braiding of A if the following conditions are satisfied: for all x,y,z£A 

( B1 ) IX^l); 2/(1) )^(2) 2/(2) = E fJ ( a; (2),2/(2))2/(l)^(l), 

(B2) a(xy, z) = Y, o~(x, z {1) )o(y, z (2) ), 
(B3) a(x,yz) = £ a(x (1) , z)a(x {2 ), v)- 



Here, we use the sigma notation such as A(x) = ^ xt\\ (8> £( 2 ) for x £ A. It is easy to see that 
any braiding a of A satisfies 

(B4) (t(1a,x) = a(x, 1a) = e(x) for all x e A. 

Let (^4, a) be a braided Hopf algebra over k. Then the braiding a defines a braiding c of 
the monoidal category ~M A consisting of right j4-comodules and ^4-colinear maps as follows. For 
two right A-comodules V and W, a fc-linear isomorphism cy,w '-V®W — > W (g> V is defined 
by 

cy,w(u®tt>) = ^<r(«(i),ii;(i))ti)(o) ® V( ) (« £ V", w G W), 

where we use the notations Py (u) = ivq) <8> urn and Pw(iu) = S ^(o) ® w (i) fo r the given right 
coactions Py and Pw of V and W, respectively. From the axiom of braiding (Bl) - (B3), we 
see that cy,w is a right ^4-comodule isomorphism, and the collection c = {cv,w '■ V (g> W — ► 
(8) V}y WgM A gives a braiding of M A . 

Let us consider the element in the braided Hopf algebra which plays a role of the Drinfel'd 
element in a quasitriangular Hopf algebra. 

Lemma 4.1 ([3, Theorem 1.3] or [26\ 3.3.2]). Let (A, a) be a braided Hopf algebra over k, and 
define \i £ A* by 

P( a ) = ^2 a ( a (2),S(a {1) )), aeA. 

Then /j, is convolution-invertible, and the following equation holds for any element a £ A: 

S 2 {a) = ^2p(a (1) )fi-\a {3) )a (2) . 

The k -linear functional \x is called the (dual) Drinfel'd element of (A, a). 

Let V = (C, (8>, I, a, r,l,c) be a left rigid braided monoidal category. For each object X £ C 
we choose a left dual X* with an evaluation morphism ex ■ X* (£> X — ► I and a coevaluation 
morphism nx ■ I — ► X (8> X* . Then for an endomorphism / : X — ► X in C, the braided trace 
of / in V, denoted by Tr c f, is defined by the composition 

Tt nx V o V* f® id V o V* °X,X* * ex Ti- 
ll > X <8> X > X (8) X ► X X ► 11. 

In particular, the braided trace of the identity morphism idx is denoted by dim c X, and 
called the braided dimension of X in V. 

Applying this to the braided monoidal category (M^,c) constructed from a braiding a £ 
(A (8> A)*, we have the following. 

Lemma 4.2. Let (A, a) be a braided Hopf algebra over k, and c the braiding of~M A constructed 
from a. Then for a finite- dimensional right A-comodule V , the braided dimension dim c V' is 
given by dim ^ V = fi(Xv), where jj, is the Drinfel'd element of (A, a), and Xy is the character 
of the comodule V , which is defined by 



Xv ■= ® idc)(Pv(Vi)) G C 



8=1 



by use of dual bases {vi}f =1 and {v*}f =1 . 



Lemma 4.3. Let A be a Hopf algebra over k of finite dimension, and l : A* ® A* — * (A® A)* 
is the canonical k-linear isomorphism. Let a be an element of {A (g) ^4)* and set R := t _1 (cr). 
Then 

(1) a is convolution-invertible if and only if R is invertible as an element of the algebra A*®A*. 

(2) a is a braiding of A if and only if R is a universal R-matrix of the dual Hopf algebra A*. 
In this case, the Drinfel'd element [i £ A* of the quasitriangular Hopf algebra (A*,R) is given 
by fi(a) = E°'( a (2))5'( a (i))) for al1 a & A. 

(3) for a finite- dimensional right A-comodule V , the equation dim^V = dim r V holds, where 
dim ^V is the R-dimension of the left A* -module V with the action 

p.y.= ^2p(v {1) )v {0) (p € A*, v G V). 

Let C be a coalgebra over a field k. A right C-comodule V is said to be an absolutely simple 
if the right C^-comodule V K is simple for an arbitrary field extension K/k. This condition 
is equivalent to that V is absolutely simple as a left C*-module. We note that if a right C- 
comodule is simple, then it is automatically finite-dimensional (see |19l Corollary 5.1.2]). So, 
there is a one-to-one correspondence between the absolutely simple right C-comodules and the 
absolutely simple left C*-modules. 

Let braid (A) denote the set of all braidings of a Hopf algebra A. Then by Part (2) of 
Lemma l4.3j, the map 

braid(A) — * Braid (A*), a i — ► r l {a) 

is bijective, and by Part (3) of the same lemma, the equation Aim ^ir^V = dim ^y holds for a 
finite-dimensional right ^4-comodule V. Hence we have the following: 

Lemma 4.4. Let A be a semisimple and cosemisimple Hopf algebra over k of finite dimension. 

(1) For an absolutely simple right A-comodule V , 

n 

erebraid(A) 

where in the left-hand side Pa* v( x ) * s the polynomial for V regarded as an left A* -module by 
usual manner. 

(2) Let {Vi, . . . , Vf} be a full set of non-isomorphic absolutely simple right A-comodules of 
dimension d. Then 

P A d }(x) = f[P A * >Vi (x). 

A Hopf algebra A over a field k of finite dimension is called self-dual if A is isomorphic to 
the dual Hopf algebra A* as a Hopf algebra. Applying the above lemma to a self-dual Hopf 
algebra, we obtain immediately the following proposition. 



Proposition 4.5. Let A be a semisimple and cosemisimple Hopf algebra over a field k of finite 
dimension. If A is self-dual, then for a positive integer d 

tf«=n n 

i=l crGbraid(A) 

where {Vi, . . . , Vf} is a /it// set o/ non-isomorphic absolutely simple right A-comodules of dimen- 
sion d. 

By using the above formula, we compute the self-dual Hopf algebras introduced by 
Satoshi Suzuki [30] in the next section. 



5 Examples 

In this section we give several computational results of polynomial invariants of Hopf algebras. 
By comparing polynomial invariants one may find new examples of pairs of Hopf algebras such 
that their representation rings are isomorphic, but they are not monoidally Morita equivalent. 

5.1 8-dimensional non-commutative semisimple Hopf algebras 

By Masuoka [T7], it is known that there are exactly three types of 8-dimensional non-commutative 
semisimple Hopf algebras over an algebraically closed field k of ch(fe) ^ 2. They are k[D 8 ], k[Q 8 ] 
and Kg, where D% and Qs are the dihedral group of order 8 and the quaternion group, respec- 
tively, and K% is the unique 8-dimensional semisimple Hopf algebra which is non-commutative 
and non-cocommutative, that is called the Kac-Paljutkin algebra [9]. Tambara and Yamagami 
|32| and also Masuoka [T5] showed that their representation rings are isomorphic meanwhile 
their representation categories are not. In this subsection we derive this result by using our 
polynomial invariants. Throughout this subsection, we fix the following group presentations of 
D 8 and Q s : 

As = (s,t | s 4 = 1, t 2 = 1, st = is -1 ), 
Q 8 = (s,t | s 4 = 1, t 2 = s 2 , st = ts^ 1 }. 

Let us start with determining the universal i?-matrices of the group Hopf algebras fc[Z?g] 
and k[Qs]. For this the following proposition is useful. 

Lemma 5.1. Let G be a group, and k a field. Then for a universal R-matrix R of k[G] there 
is a commutative and normal finite subgroup H such that R £ k[H] <S> k[H\. 

Proof. We set A = k[G}. By [25, Proposition 2(a)], 

B = { (id a)(R) | a e A* }, H :={(a® id) (12) | a e A* } 

are finite-dimensional subHopf algebras of A. Since for each g £ G, kg is a subcoalgebra of 
A = ^qfzckg, by [HI Lemma 9.0.1(b)] the subcoalgebra B is written in B = 0„ e G-E> n kg. 



We set if := B n G. Then if is a subgroup of G, and Bflfej / {0} if and only if g £ if. Thus 
-B = (£) geK B H kg = (§) geK kg = k[K]. Since B is finite-dimensional, if is a finite group. As 
a similar argument, we see that there is a finite subgroup L of G satisfying H = k[L]. Since by 
[25\ Proposition 2(c)] fc[if]* cop = k[L] as Hopf algebras, L is commutative. Furthermore, L is a 
normal subgroup of G since Lg C gH, or equivalently g~ x Lg C il = fe[L] by [251 Proposition 
3]. Similarly, we see that if is a commutative and normal subgroup of G. 

At this point, R £ k[K] (g) k[L] C fc[Lif] (g> fc[Lif] is verified. To complete the proof it is 
sufficient to show that LK is a commutative and normal subgroup of G. Since L is normal, it 
follows immediately that LK is normal. To show that LK is commutative, we write R in the 
form 

R=Y,k®X k (X k £k[L\). 

Since A c °p(/c') R = R- A(k') for all k' £ if, we have X k , kk ,-i = k'X k k'- 1 for all k,k' £ if. 
Since if is commutative, this condition is equivalent to X k k' = k'X k . It follows from k[L] = 
H = Span{X k \ k £ if} that any element I £ L is represented by a fc-linear combination of 
{X k | k £ if}. Thus ZA;' = fc'Z holds. This means that Lif is commutative. □ 

For a cyclic group the universal i?-matrices of the group Hopf algebra are given by (|2.1j) in 
Example 12.31 in Section 2. For a direct product of two cyclic groups the universal i?-matrices of 
the group Hopf algebra are given as in the following lemma. The lemma can be verified by use 
of the same method of the proof of Lemma 15.151 described later. 

Lemma 5.2. Let G be the direct product of the cyclic groups C m = (g) and C n = (h), and let 
to be a primitive mn-th root of unity in a field k whose characteristic does not divide ran. We 
set X(m, n) = {d £ {0, 1, . . . , m — 1} | dn = (mod m)}. Then any universal R-matrix of k[G] 
is given by the formula 

rn—l n—l 

Rk[G] :=Y,Yj ^ n{pij+rkj)+m(skl+qil) E ik ^E jl , 
i,j=0k,l=0 

where p £ X(m, m), q £ X(n, m),r £ X(m, n),s £ X(n, n), and 
Eiu = ^ E^To 1 E?=o u-™^giti. 

By using Lemma [5. II and Lemma \f>.2\ one can determine that the quasitriangular structures 
of fc[X>8] and k[Q$] as described in the following lemma [33J. 

Lemma 5.3. Let k be a field of ch(k) ^ 2 that contains a primitive 4-th root of unity 
(1) The quasitriangular structures of k [Dg] are given by 

(i) universal R-matrices of k[(s)] = k[C^]: 

Sf^^t^® 5 " (d = 0,l,2,3), 

i,k=0 



(ii) universal R-matrices of k[(t, s )] = k\C<i x Ci\- 

R d+4 ] -=\ E (-l)^- fc ^ 2fc ®^ 20+d ° (d = 0, 

i,j,k,l=0 

(Hi) universal R-matrices of k[(ts, s 2 )] = k[C2 x C2]: 

?fc [D 8 ]. = l ^ (_i)-^(^)^2fe 0( ^y s 2o + do (d = 



d+6 



i,j,k,l=0 



The Drinfel'd element u^ D ^ of R^ D& ^ is given by 



u 



k[D 8 ] 



1 (d = 0,4,6), 

^i + C-^ + ^i + O 2 (d = l), 



(d = 2,5,7), 

[i(i + C) + i(i + c-V (d = 3). 

(2) The quasitriangular structures of k[Q$] are given by 

(i) universal R-matrices of k[{s)] = fcfCJ: 

3 



R 



k[Q 



*] := i^ r <V®5 di (d = 0,l,2,3), 



i,k=0 



(ii) universal R-matrices of k[{t)] = fefCJ: 

3 



:,fc=o 



(Hi) universal R-matrices of k[(ts)] = k[C^]: 

: = \ E r*(te) fc ® (d = 0, 1). 

i,k=0 

The Drinfel'd element u^®^ of R^ 8 ^ is given by 



u 



HQs] = ( 



'1 


(d = 


0), 




(d = 


1,4,6) 


' s 2 


(d = 


2), 


i(i+o + i(i+rV 


(d = 


3,5,7) 



r\ 1 



Proof. In either case of fcf-Ds] or fc[Qs]> the proof of the lemma can be done by the same 
method. So, we will determine the universal i?-matrices only in the case of k[Qg] (for fc[Ds] see 
also Proposition 15.171 described later). 

It is easy to show that the maximal commutative and normal subgroups of Qs coincide with 
one of Hi = (s), H2 = (t) and H3 = (ts). Therefore, by Lemma 15.11 any universal i?-matrix 
of fc[Qs] is that of k[H{] for some i = 1,2,3. Let R be a universal i?-matrix of fe[-Hi]. Then 
A cop (t) ■ R = R ■ A(t) holds, and whence R is a universal .R-matrix of fe[Qg]- Similarly, we see 
that any universal i?-matrix of k\Hj\ for i = 2, 3 satisfies A cop (s) ■ R = R ■ A(s), and whence it 
is a universal .R-matrix of fe[Qs]- D 

Next, we describe the quasitriangular structures of the Kac-Paljutkin algebra Kg, that are 
determined by S. Suzuki |30j. As an algebra the Kac-Paljutkin algebra Kg coincides with the 
group algebra k[D$]. Let us consider the primitive orthogonal idempotents cq = — jr-, &\ = 
in Kg = k[D&]. Then the Hopf algebra structure of K$ is described as follows [18]: 



We note that A(eo) = eo <8> eo + e\ (8> ei, A(ej) = eo ® e\ + e\ &> eo, e(eo) = 1, e(ei) = 0, 
5(eo) = eo, #(ei) = ei, and therefore, keo + kei is a subHopf algebra of Ks which is isomorphic 
to the group Hopf algebra k[C<2\. Let £ £ be a primitive 4-th root of unity. Then 



satisfy g 2 = h 2 = 1, and fc[(s)] = fcl + kg + fc/i + kgh hold. Moreover, since g and h are 
group-like, the subHopf algebra k[(s}} of is isomorphic to the group Hopf algebra k[C2 X C2]. 

Lemma 5.4. Lei k be a field of ch{k) 7^ 2 i/tai contains a primitive 8-th root of unity to. Then 
the universal R-matrices of K$ are given as follows: 

(i) universal R-matrices of k[{g,h)] = k[C2 X C2]: 



A(t) = t (8> eot + st (8> e\t, A(s) = s (8) e^s + s 1 (8> e\s 
e(t) = 1, e(s) = 1, 
S 1 ^) = + eist, 5(s) = eos -1 + eis. 



g := i(l + 0* + ^(1 - CK 1 , /i := ^(1 - C> + ^(1 + C)« 



-1 




i,j,k,l=0 



(ii) minimal universal R-matrices of Kg: 




1 



2 ' 2 




i j',p,(j,r,s=0,l 



(1 = 0,1,2, 



3). 



The Drinfel'd elements u^ 8 and uf s of and Rf 8 , respectively, are given by 

i 1 

u m = o ^(-lf+^+^g'h 1 (p,qe {0,1}), 



i,J=0 

u? 8 = —(l-gh) + -{g + h) = 0,1,2,3). 

Proof. Since the universal i?-matrix R^ q s of fe[(g, h)\ satisfies A cop (i) • Rp g 8 = Rp g 8 ■ A(t), we 
see immediately that R^ q s is a universal i?-matrix of Kg. It can be also verified straightforward 
that R^ 8 are indeed a universal i?-matrix of Kg, although the proof is tedious. Since Kg is 
isomorphic to the Suzuki's Hopf algebra (for example see [2]), by [30l Proposition 3.10(h)] 
the number of universal i?-matrices of Kg is 8. Thus there is no universal i2-matrix of Kg other 
than i?^ 8 (p, q G {0, 1}) and Rf 8 (I = 0, 1, 2, 3). □ 

Let k be a field of ch(fc) 7^ 2 that contains a primitive 4-th root of unity. Then for any of 
the algebras k[Dg], k[Qg], Kg the number of isomorphism classes of (absolutely) simple modules 
is 5. They consist of four 1-dimensional modules and one 2-dimensional simple module. 

The 1-dimensional modules of k[Dg], k[Qg] and Kg are given by Vij = k = 0,1) 
equipped with the left actions pij defined by 

Pij ( s ) = (-iy, Pij (t) = (-iy. 

For both fc[-Ds] and Kg a 2-dimensional simple module, which is unique up to isomorphism, is 
given by V = k © k equipped with the left action p defined by 



and for k[Qg] that is given by V = k © k equipped with the left action p defined by 

M = (i A). m- f0 - 1 



C J ' V 1 

where £ is a primitive 4-th roof of unity in k. 

Suppose that k contains a primitive 8-th root of unity to. Then by the above two lemmas 
we have P k[Ds] y i3 {x) = P h[Qa]y .,(x) = (x - l) 8 , Pjf 8 ,v«(a?) = (x + (-1)*) 8 and 

Pk[D 8 ],v(x) = (x- l) 3 (x + l) 3 (x - C)(x + C) = x 8 - 2x 6 + 2x 2 - 1, 

Pk[Q B ],v{x) = (x-l)(x + l)(x - C) 3 (x + C) 3 = * 8 + 2x 6 - 2x 2 - 1, 

3 

P K%y ( x )= J] ( x _(_i)P). JJ^-a; 2 '- 1 ) = x 8 -2x 6 + 2x 4 -2x 2 + l. 

p,9=0,l Z=0 



Therefore, the polynomial invariants of k[Dg], k[Qg], Kg are given by 



P$ Ds] (x)=x 8 -2x e + 2x 2 -l, 
P<g(:c) = x 8 - 2x 6 + 2x 4 - 2x 2 + 1. 

(2) (2) (2) 

Since polynomials Pf e m s \( x )^ ^fc[Q 8 ]( x )' ^Kg ,( x ) are mu t uan y distinct, we conclude that the 
Hopf algebras k[D%], k[Q$], K% are not mutually monoidally Morita equivalent by Theorem 12.61 



5.2 The Hopf algebra A v ^ n 

Satoshi Suzuki introduced a family of cosemisimple Hopf algebras of finite dimension parametrized 
by v, A, N, n, where v, X = ±1, and N > 1 and n > 2 are integers. This family includes not only 
the Kac-Paljutkin algebra K$, but also Hopf algebras which can be regarded as a generalization 
of Kg. In this subsection we compute the polynomial invariants for Suzuki's Hopf algebras. 

Let us recall the definition of Suzuki's Hopf algebras A u ^ n [30J. Let k be a field of ch(fc) ^ 2, 
which contains a primitive 4niV-th root of unity, and let C be the 2 x 2-matrix coalgebra over 
k. By definition C has a basis {Xn,Xi2, ^215^22} which satisfies the equation 

AiXij) = X a X V} + X i2 X 2j , e(X i:j ) = <%. 

Since C is a coalgebra, the tensor algebra T(C) of C has a bialgebra structure in a natural way. 
Let I be the coideal of T(C) defined by 

i = k{xl 1 -xl 2 ) + k{xl 2 -x 2 21 )+ Y, KXijXim), 

i—j^l—m (mod 2) 

and consider the quotient bialgebra B := T(C)/(I). We write Xij for the image of Xij under 
the natural projection T(C) — * B. We fix N > 1, n > 2 and v,X = ±1, and consider the 
following subspace J^ x n of B: 

jv\ ._ h (J2N , 27V n 
J Nn .—K{X U + UX X2 — I) 

+k(xuX 22 Xn - X 22 XnX 22 ) + k(— A Xi 2 X 2 iXu + 22l£l2^21 •)• 



Here, 

) (xnx 22 ) ¥ if n is even, 

x n x 22 x n = < , . n-l 

s v ' {xnx 22 ) 2 xn if n is odd, 

and the other notation has the same meaning of that, too. Since the subspace J^ n is a coideal 
of B, we obtain the quotient bialgebra A u ^ n := B/(J^ x n ). This bialgebra A^ n becomes a 4nN- 
dimensional cosemisimple Hopf algebra over k. For the image of x^j under the natural projection 
7r : B — > Af^ n we write x^j, again. Then A^ n equips with the basis 

t t 
{x s n x 22 x\\x 22 , x\ 2 x 2 \x\ 2 x 2 \ I 1 < s < 2N, < t < n - 1}, (5.1) 



and the Hopf algebra structure is given by 



A(xij) = xn ® xy + x i2 &> x 2 j, e(xij)=5ij, = x 



2N-1 



If ch(fe){ 2nN, then A^ n is semisimple |3CH Theorem 3.1(viii)]. Moreover, Af 2 ~ is isomorphic 
to the Kac-Paljutkin algebra Kg, and the Hopf algebras Af^~ and Af~ are isomorphic to the 
Hopf algebras A^ n and B^ n , respectively, that are introduced by Masuoka [HI [2]. The following 
lemma, which is a direct consequence of the definition of A^ n , is useful for computation. 

Lemma 5.5. For each i,j = 1,2, the square xf- is in the center of A^ n , and the following 
equations hold in A u ^ n . 

(1) x\ x = x%2, x\ 2 = x\ x , XijXim = (i- j y^l-m (mod 2)). 

(2) If n is even, then (x 22 xu)2 = (xn^) 5 , (^21^12)2 = A(xi 2 x 2 i)2 . 

If n is odd, then {x^xu)^ x 22 = (xnx 2 2)~^~xu, (x 2 ix 12 )~ x 2 \ = \{x V2 X'i\)~ ~ x i2- 

(3) x ii + = x iii x ii+l = ux ii+l- 
AN 1 „4N 



(4) x\»+x\»=l. 

( „. „, _ \n \ „. 

'12 ■ 



(5) (xux 22 ) n = xn, (221X12)™ = Xxf 1 



To describe the simple right ^4^ n -comodules, we use the following notations. For m > 1, we 



set 



Xn '■= , X22 := 222211222 



Xl2 := ^12^21X12 , X21 '■= X 21 X Y2 X 21 



Then the basis (JSHJ) of A v ^ n can be represented by 

{ 3*1X22, ^12X21 I 1 < s < 2N, < t < n - 1 }, (5.2) 
and the following equations hold: 

&(x%) = X?i®X? j + X?2®xf j (m>l, i,j = l,2). (5.3) 
Thus for s, t > with s + i > 1, 

A(^!X2 2 ) = ^11X22 ® x \lX\2 + xS 12X\l ® x 2lX\ 2 , 
^(^12X*2l) = ^llX22 ® ^12X21 + X{ 2 X21 ® »22Xll- 



Furthermore, 



5'( x IlX22) 



( (2iV-2)(t+s)+s t / . \ 

x^ X11 (s, t are even), 

^(2Af 2)(t+s)+s^ 2 ^ g j g dd, an( ^ ^ ^ g even ) ; 

^(2Af 2)(t+s)+s^£^ ^ j g everL) anc [ £ j g oc Jd), 

a .gJV-2)(t+«)+» x t i ( S; t areo dd), 



( (2N-2)(t+s)+s t , , , 

x 12 X21 (s, t are even), 



(2N-2)(t+s)+s t I ■ A + ' AA\ 

x\ 2 X12 \ s 1S even, and t is odd), 

x (2N 2)(t+s)+s^ t ^ ( S) t ar eodd). 

Hereafter to the end of this subsection we suppose that iV > 1, n>2 and u, A = ±1, and k is 
a field of ch(fc) 7^ 2, which contains a primitive 4niV-th root of unity. The following proposition 
was proved by S. Suzuki. 

Proposition 5.6 ([301 Theorem 3.1]). 

(1) The dimension of a simple subcoalgebra of A^ n is 1 or 4. 

(2) The order of the group G := G(A'^ n ) is AN, and G is explicitly given by 

G = { x\{ ± x% xjl+'x^ 1 ± v^+^f 1 I 1 < s < N }. 

(3) There are exactly N(n — 1) simple subcoalgebras of dimension 4, and they are given by 
C st = kx\{x\i + kx\lxi2 + kx\lx\i + M1X22 (0 < s < N - 1, 1 < t < n - 1). 

Therefore, the cosemisimple Hopf algebra A v ^ n is decomposed to the direct sum of simple sub- 
coalgebras such as 

<n = 0% © C st . 

g€G 0<s<N-l 
\<t<n-l 

Corollary 5.7. The set 

{kg\gG G(A u N x n ) } U { kxjlx^ + ^12X21 I < s < N - 1, 1 < t < n - 1 } 

is a full set of non-isomorphic (absolutely) simple right A u ^ n -comodules, where the coactions of 
the comodules listed above are given by restrictions of the coproduct A. 

Proof. Since A^ n is cosemisimple, a full set of non-isomorphic simple right ^4^v n -comodules 
can be obtained by taking a simple right D-comodule for each simple subcoalgebra D of A u ^ n 
and by collecting them. 

Let D be a simple subcoalgebra of A^ n . If dimD = 1, then D = kg for some g G G(A^ n ). 
So, we can take D itself as a simple right D-comodule. If dimD = 4, then by Proposition 15.61 
(3), D = C s t for some s G {0, 1, . . . , N — 1} and t G {1, . . . , n — 1}. Let us consider the subspace 

Vst := ^11X22 ~l~ ^^12X21 
of D. Then the subspace V s t is a right D-comodule. For 

A(z? s iX22) = X11X22 ® xllxw + Z12X21 © ^2ixi 2 > 

^( x 12X2l) = -^llX^ ® -^llX^l "t~ X 12X21 ® -^^Xil) 

and X21X12 = x i2Xi2' x 2%Xii = ^liXii £ Cst- Furthermore, the right D-comodule Vgt is simple, 
since there is no non-zero element v G V s t such that A(u) G fcf ® C S f. □ 



Let us explain on the braiding structures of A^ n , which is determined by S. Suzuki [30] . 



Suppose that a, (3 G k satisfy (a/5) = u, (a/3 ) n = A. Then there is a braiding <j a p of A Nn 
such that the values cr a p{xij,Xki) k,l = 1, 2) are given by the list below. 



x\y 


xn 


X\2 


X21 


^22 


x\\ 














X\2 





a 


P 





X21 





P 


a 





X22 















In fact, by using the braiding conditions (B2) and (B3) described in Section 4, repeatedly, 
we see that the values of a a p on the basis (|5.2p are given as follows: for integers s,s',t,t' > 
with s + t > 1 and s' + 1' > 1, and f = 1, 2, 



( s t s' t' \ 

0"a/H x llA22> X ij/X2,j'+U 



t's + (s + t)s' 







$o,t'8i+j',t( a P) 

t' s + (s + t)s' -t 

h,t'h+j',t{ocP) 
Ji,t'$j',t( a P) 



tf 



t(t'+l) 



a 

a (t+l)t' 

t' s+(s+t)s' -(1 + t + t') 



(s and s' are even), 

(s is even, and s' is odd), 

(s is odd, and s' is even), 
p(t+i)(t'+i) ( g and g / are odd ^ 



a ap{x\ 2 X21i x lj'X2j'+l) 



t' s+(s + t)s' 



Si )t 'S 1+j r ;t (aP)' 2 a u - 

t' s + (s + t)s' — t . , , , \ 

5 0tV 5i +j ,,t(aP)— L T J —p t V+V 

t' s + (s + t)s' -t' 



$i,t'5j',t(acl3) 
Mt' S f,t( a P) 



2 /?(*+l)f 

t' s + (s + t)s' -(1 + t + t') 

2 a 



(t+m'+i) 



(s and s' are even), 
(s is even, and s' is odd), 
(s is odd, and s' is even), 
(s and s' are odd), 



where the indices of x an d 5 are treated as modulo 2. 

When n = 2, in addition to the above braidings cr Q/ g, for 7, £ S k which satisfy 7 2 = 
£ 2 , 7 2Ar = 1 there is a braiding t 7 £ of such that the values T^(xij,Xki) (i, j, k, I = 1, 2) are 
given by the list below, where Xij and x^; correspond to a row and a column, respectively. 



x\y 


xn 


X±2 


X21 


£22 


xu 


7 








e 


X\2 














X21 














X22 










7 



We see also that the values of r 7 £ on the basis (|5.2p are given as follows: for integers 



s, s', t,t' > with s + 1 > 1 and s' + t' > 1, and j' = 1, 2, 

T 7?( X llX22' x lj'X2,j'+l) 

'^ l7 -'( 7 0^ + ^(7A6 r 



tt I ts 
4 2 



(t-l)t' . si' (t + l)t' . (t-l)s' 

<Vi7 ss (A0 S (70*+- (7A£) { -^ +L ^- 

i tit' + 1) . s(t'-l) i(t'-l) , is' 

<Vi7 ss e(70^ + ^(7A0^- J+ - 

, , . , (t-l)(t' + l) , s(t'-l) (t+l)(i'-l) . (t-l)i 



(i and are even), 
(t is odd, and t' is even), 
(i is even, and t' is odd), 
(t and i' are odd), 



r 7?( X 12X21' x li'X2,j'+l) ~~ 

where the indices of \ and 6 are treated as modulo 2. 

Theorem 5.8 ([30, Proposition 3.10]). Ifn>3, then the braidings of A^ n are given by 

{a al3 \a,f3e k, (a{3) N = v, (a/3" 1 )™ = A }, 
and if n = 2, then that are given by 

{ a a/3 | a, fie k, (a(3) N = v, (a/3" 1 ) 2 = A } U { r 7? | 7, £ 6 k, 7 2 = £ 2 , 7 27V = 1 }• 

Lemma 5.9. (1) For a, (3 € fc satisfying (a(3) N = v, (a(3~ l ) n = \, the Drinfel'd element /j, a g 
of the braided Hopf algebra (A 1 ^, a a p) is given as follows: for all integers s,t > with s + t > 1, 

Ma/3 O11X22) 



v t {ufS) 2 si a 1 (s is ewen) 

i/*+ 1 (a/3)^ £ -*- s *-' 2 a(*+ 1 ) 2 (s is odd), 



Ma/3 (^2X21) = 0. 

(2) For 7, £ G fc satisfying 7 2 = £ 2 , 7 27V = 1, i/ie Drinfel'd element /u 7 £ 0/ i/ie braided Hopf 
algebra (j4^ 2 ,t 7 ^) is gi^en as follows: for all integers s,t > loii/i s + t > 1, 



^(^11X22) 



7" 


-s 2 -2st- 


-t 2 \ l — 


i* 


and t are even), 


7" 


-s 2 -2st- 


-t 2 

1 A 4 


(t 


is odd, and s is even) 


7" 


-s 2 -2st- 


-* 2 A t(t 4 +2) 


(t 


is even, and s is odd) 


,7" 


-s 2 -2st- 


,2 (t+1) 2 

c A 4 


(s 


and t are odd) , 



Proof. In the case where s and t are even, and t > 2, the values [i a p(a) and M 7 ^(a) for 
a = x iiX22' x i2X2i can De calculated as follows. 

,, („8 v t\_„ t~s v t T (2iV-2)( S +f)+ S +l l-h ( s+ i t-l (2N~2)(s+t)+s t \ 

Ma/3 V x 11 A22 J ~~ °af/3v x llA22! x ll X22 J a a/3^l2 X21 ' x 12 X21/ 

, ^ (t-l)s+(s+i)((2JV-2)(s+t)+s+l)-i ,2 

= (a/3) 2 a 



(a/3) 



-i <jt—t 2 t' 2 

2 st c a , 



/ s t \ (St (2N-2)(s+t)+s+l t -l\ , / 3+1 t-1 (2N-2)(s+t)+s t ^ 

^(^12X21) = <Tap(x 12 X 2 l, X\l X22 ) + ^Oll X22 > X 12 X 2 1, 



/ s i \ _ ( s t (2N-2)(s+t)+s+L t -l\ 1 / 8+1 t-1 (2iV-2J(a+t)+s ( k 
A t 7^l X llX22j — T 7?l X llX22) x ll X22 )+ T l£,\ x 12 X2I ' X 12 X21J 

= 7 3((2iV-2)(3+ t )+3+l) $ 3 (7C) f + ^ ^^a+ WW^ 

= 7 -2( S +t) 2 + S 2 +t S +^^^ A 4 
= 7 (s+*)(-s-*) A # ) 

/ s i \ _ / s i {2N-2){s+t)+s+l t-l\ . 1 8+1 t-1 (2iV-2)(s+t)+s t » 
A t 7^l X 12X2lJ — T 7?l a; 12X21) x ll X22 J+ r 7?^ll X22 ) X 12 X21J 

= 0. 

In other cases, the values ^ a p{a) and /w(a) for a = £11X22' x i2X2i can De calculated by a 
similar manner, so we leave the rest of calculation to the reader. □ 

By using Lemma 15.91 we know the braided dimensions of the simple right ^^Vn-comodules. 

Lemma 5.10. (1) Let a, (3 be elements in k satisfying (a(3) N = v and (a/3 _1 ) n = A. 

(i) For an element g € G(-AJy^) the character Xg £ ^Nn °f ^ e s^rnp/e right A v ^ n -comodule 
kg is given by Xg = 9> an d ^ e braided dimension dim ^fcq with respect to the braiding o~ a p is 
given by 

f(«/?)~ 2s2 {g = x\{±x{i (l<s<N)), 

clim nO — \ 

aa0 \v n (af3)- 2s2 - 2sn - n2 a n2 (g = xf^x^ 1 ± s/Xx^x^ 1 (1 < s < N)). 

(ii) For the simple right A^-comodule V st = kx\\ X22 + ^^12X21 (0 < s < N — 1, 1 < t < 
n — 1), the character Xst £ ^v n °f is given by Xst = ^lf^ X22 + x iiX22; an ^ ^ e braided 
dimension dim is given fry 

(2) Let 7,^ 6e elements in k such that 7 2 = £ 2 , 7 2Ar = 1. 

n rl irr, 

V 4 "* (g = x 2 1 {±x 2 £(l<s<N)) 



(i) For an element g G G{A U ^ 2 ) the braided dimension dim T % is given by 



dim^ fcq 



i7 -4( S +D 2 a ( 5 = x^ +1 X 22 ± VAxg +1 X2i (1 < s < iV))- 



fiij For i/ie simple right A^-comodule V s i = kxff X22 + kxf 2 X2i (0 < s < N — 1) , i/ie 
braided dimension dim r is given 6u 

dim T7 ^ sl =2 7 -( 2 ^) 2 . 



r\r\ 



Proposition 5.11. Let lo € k be a primitive 4nN-th root of unity. 

(1) For each g G G{A v ^ n ), the polynomial y kg( x ) ^ s 5* wen as follows. If g = x\\ ± 

xj s 2 (1 < s < N), then 



-4n(2i+i^)s 2 \2n 



(n > 3), 



( N-l 

n (x - lu~^-^^— 

i=0 
N—l 

( x _ w -8(2i+ W)4( x _ w -lfe 2 )4 ( n = 2 ), 

I, i=0 



and i/ 5 = x^ +1 X22 _1 ± v^^f 1 (1 < s < AT), ^en 



rN ll\x 2 - w -2n(2s+n)2(2i+ V) ( _ 1) V ) „ {n - g ^ 
i=0 

^(x - cj-"( 2s +«) 2 ( 2i +V)(-l)f V) 2 ™ (n > 4 «s even), 
i=0 

i n 1 (x-a;- 4 ( s+1 ) 2 ^ +i ^)r-n i i A ^ r 

V j=0 



: )(-l)^)4( x _ w -16i( S +l) 2 A) 4 (n = 2) _ 



f^) For the simple right A^ n -comodule V st = kx\\^ 2 2 + ^12X21 (0 < s < iV-1, 1 < i < n— 1), 



the polynomial P^ N X )* v s t ( x ) ^ s fi™en 
' iV-ln-1 



P (A» N x n )*,vJ x ) ~ ' 



II EI - w - 2 "( 2 ^*) 2 ( 2i + V)- 2 ^ 2 ( 2 ^'+ V)) ( n > 3, and t is odd), 

i=0 j=0 

"nYiix ~ w -"( 2s +*) 2 ( 2i + V)-^ 2 (^+V)) 2 (n > 3, and t is even), 
N-l 

n (^ 4 - oj-^ zt+ ^ 

i=0 



. -8(2i+-^)(2 S +l) 2 +2JV(l-A)^ x 2 _ ^-8i(2s+l) 2 )2 ( n = 2 ). 



Proof. The set J„ A = { (a, /3) G fc x k \ (a/3) N = v, (a/?" 1 )™ = A } can be expressed as 



■ 1 x = { (w 



n(2i+^)+JV(2i+^) ) w „(2i+i^)-JV(2i+ 



1-A 



i = 0,1, ... ,iV — 1 
j = 0,1, . . . ,n 



1 1 ' I 



U ( (_ w "(2i+^)+iV(2 J + ^A) _ w „(2i+i^)-JV(2j+^A) ) I = 0, 1, . . . , JV - 1, 1 

I J = 0, 1, . . . ,n - 1 J 

Because, for an element (a, /3) £ /„,\, a/3 and a/3 -1 can be written as 

(a/3 = uj 2 < 2i+ V) for some i = 0, 1, . . . , iV - 1, 

ja/T 1 = u, 2A ^'+V) for some j = 0, 1, . . . , n - 1. 

Similarly, we see that the set J = { (7, £) G fc x fc | 7 2 = £ 2 , 7 2JV = 1 } can be expressed as 

J = { (w 4i , u; 4i ) I i = 0, 1, . . . , 2N - 1 } U { (kA -co 4i ) \ i = 0, 1, . . . , 2N - 1 }. 

We put A = Af n . 



(1) We consider the case of g = x\\ ± xf|- If n > 3, then by Lemma 15. lOf 1) (i) 

PA*,hg(x)= J] (x-{a(3)- 2s2 ) 
(a,p)el vX 

AT-ln-1 JV-ln-1 

= n n( x -^ 4n(2i+w )- n n^-^ 2 ^* 2 ) 

i=o j=o i=o i=o 

AT-l 

= n(x-^- 4 ^ + v)« 2 )2«, 

i=0 

and if n = 2, then by Lemma 15. 101 (2) (i) 

PA* lfe9 (x)= n (^-Mr 2s2 )- n (*-7- 4s2 ) 

JV-1 2JV-1 



n^-^-^+W)*. n 

1=0 8=0 

JV-1 JV-1 
]J(x-a;- 8 ( 2i+ W)4. jj ( 



1=0 8=0 

, ,-16is 2 \4 



8=0 i=0 

Next we consider the case of g = ^ii +1 X22 _1 ^ V^il X21 • If H > 3, then by Lemma lS.lOf 
^W*) = [J (^-^M)- 2s2 - 2 " 2 a n2 ) 

N-ln-1 

j=0 j=0 
AT-ln-1 

' N—l 

]1 (x 2 - w - 2 ™( 2s +™) 2 ( 2i +V)(-i)V)« ( n is odd), 

i=0 

llV - W -"( 2s+ ") 2 ( 2i+ V)(-l)f i f A )2- ( n is even), 

i=0 

and if n = 2, then by Lemma l5.10l f 2) (i) 

PA*,kg(x)= n (^-(«/3)- 2s2 - 4s - 4 « 4 ). n (x- 7 -^ +i ) 2 a) 

JV-l 2N-1 



ijcx-w-^+^^^c-i)^) 4 - n (x-^^a) 2 

i=0 j=0 
V-l Af-1 

H (x - u-*(°+V 2 &+ V)(_i) i ^)4 . J] (x - w - 16l ( s+1 ) 2 A) 4 . 



8=0 8 = 



(2) If n > 3, then by Lemma |OIfl)(ii) 

(<x,p)ei vX 

N-ln-l 

n ri ; ' v ^'"^ : 1 

W-ln-1 



t ;> ,n(2i+i^)(-4 S 2 -4st-i 2 )+iV(2j+i^)t 2 N 



n n^-(-i)^ 



n(2i+^)(-4s 2 -4st-t 2 )+N(2j+^)t 2 - 



i=o i=o 

If nV - w - 2 «( 2s +*) 2 ( 2j +v)+2^ 2 (2i+^)) (t is odd) 

i=0 j=0 

if ElV - w -"( 2s +') 2 ( 2i +V)+^ 2 (2i+V))2 ( t is eV en) 

i=0 j=0 
/ N—l re— 1 

n n - u,- 2 "( 2s +*) 2 ( 2i + v)+ 2 ^ 2 ( 2 («-j)+V)) ( t i S odd) 

i=0 j=0 

iV-lre-1 n „ , , 

II IT (x - uj- ni - 2s+t ^ 2i+ V)+^ 2 ( 2 (^)+^))2 (i i s even) 

k »=o i=0 

If TiV - W -2«(2^) 2 (2,+ V)-2^ 2 (2i+V)) (i is odd) 

i=0 j=0 

If ElV - W ^™(2^) 2 (2i+V)~^ 2 (2i+V))2 ( t is even), 

k i=0 3=0 



and if n = 2, then by Lemma l5.10f 2) (ii) . 



pa*,v a {x)= n (x-m<*p) 2s ~ i ) ■ n (^-7- (2s+i) 

(a,/3)6/,A (7,0 e./ 

JV-1 1 2JV-1 

= nn<- 2 -- 

i=0 j=0 



„2 . -4(2j+i^)(2s+l) 2 +2Ar(2j+ifA 



a; — u 



-4i(2s+l) 2 \2 



i=0 



JV-1 



N-l 



Yl (X 4 - w -8(2*+ i 2 ii )(2 S +l) 2 +2iV(l-A)^ ) . -Q ( 



8=0 



8=0 



□ 



In the case where N is odd and v = +, if A and n satisfy the condition 

(A) A = -1, or 

(B) A = 1, and n is odd, 

then the Hopf algebra Atr is self-dual (see Corollary 16.91 in the next section). Therefore, by 
using Proposition 14.51 we have: 



Corollary 5.12. Let N > 1 be an odd integer and to 6 k a primitive 4nN-th root of unity. 
Suppose that A and n satisfy the above condition (A) or (B). Then 

(n is odd), 
(n > 4 is even), 
(n = 2), 

N—l ~ — N—l n—l 

n n n n^ 2 -^ -4 ^ 2 ^ 2-2 ^ 2 *" 1 ^^' 4 "^^ 

s=0 t=l i=0 j=0 

N—l 2 N—l n—l 

><n n n n(^-^" 8ins2 " 4m2(2j+V) ) 2 (*>3), 

s=0 t=l i=0 j=0 
AT-1JV-1 

n n (^ 4 +^ _16i(2s+1) )(^ 2 -^~ 8i(2s+1) ) 2 (« = 2), 

„ s =0 i=0 

I (n is even), 
e(n) = < 

I 1 (n is odd). 

From the above corollary the polynomial invariants of the Kac-Paljutkin algebra Kg = Af^~ 
are computed, again. 

5.3 The group Hopf algebra fc[Gjv n ] 

If N is odd, n > 2, and A = ±1, then is isomorphic to the group algebra of the finite group 

G = (h, t, w\t 2 = h 2N = 1, w n = h {n+ ^ N , tw = w~H, ht = th, hw = wh) 

as an algebra (for the proof see Proposition 16, 1 1 in the next section). The order of G is AnN . If 
(n,A) = (even, 1) or (n, A) = (odd, — 1), then the group G is isomorphic to the direct product 
D 2n x C^n- If ( ra i A) = (even, —1) or (n, A) = (odd, 1), then G is isomorphic to the semidirect 
product of 

H :={w, h\h 2N = 1, w n = h N , wh = hw) 

and C2, where the action of C2 = (t) on H is given by t ■ w := w~ 1 and t • h := h. In particular, 
when N = 1, the group G is the dihedral group of order 4n. 

We shall determine the universal i?-matrices of the group Hopf algebra k [G] , and calculate 
the polynomial invariants of it in the case where (n, A) = (even, —1) or (n, A) = (odd, 1). In this 
case, G coincides with the group 

Gnu = {h, t, w I t 2 = h 2N = 1, w n = h N , tw = w~ 1 t, ht = th, hw = wh). 



P% (?) 



fN-lN-l , , N9 ,_ x 

n n (x-iv- 8nis f n {x 2 _ a,-4»»(2»+i) (-1)— ) 2n 

N-l N-l 

n n(^-^- 

s=0 i=0 
N-l N-l 

EI EI (x-a;- 16is ^ 16 ' 

s=0 i=0 



-8nis 2 \4n 



) 4 ™(X -W~ 8inS (-l)2) 4n 

(x + w- 8is2 ) 8 (x + o;- lfe2 ) 8 




where 



Lemma 5.13. Let N be an odd integer, and n > 2 an integer. 

(1) Ifn > 3, then the finite group Gnu has a unique maximal commutative normal subgroup, 
which is given by H = (h,w). 

(2) If n = 2, then the finite group Gnu has exactly three maximal commutative normal 
subgroups, which are given by Hi = {h,w), H2 = {h,t) and H% = (h,tw). 

Proof. We set G = Gnh- It is clear that H (= Hi) is a commutative and normal subgroup of 

G, and it is not hard to show that H is maximal between commutative subgroups. Hence H is 
a maximal commutative normal subgroup of G. In the case of n = 2 we see that H2 and H3 are 
also commutative and normal subgroups of G, and maximal between commutative subgroups. 

We show that the converse is true. 

(1) Let K be a maximal commutative normal subgroup K of G = Gnu- Suppose that K (£_ 

H. Then KD(G-H) / 0. So, if we take an element tw'h? G Kn(G-H) (0 < i < n, < j < N), 
then witw'hPfy- 1 = tw^h? G K, that is, tuW' G K implies h~^w~ i+2 t = (tw^hP)- 1 G K. 
Since i^T is commutative, we have the equation 

w 2 = h- j w~ i+2 t ■ tw i h j = tw i h j ■ h- j w~ i+2 t = w~ 2 = w 2n ~ 2 = w in - 2)+n = w n ~ 2 h N . 

This is a contradiction since n > 3. Thus K C H. This implies that K = H from maximality 
of K. 

(2) Let K be a maximal commutative normal subgroup K of G = Gnu- Then (/j) C if holds 
from maximality of K since K (h) is a commutative and normal subgroup of G. If K C iii, 
then if = iii since iii is a maximal commutative normal subgroup of G. So, we suppose that 
K <£_ Hi. Then tw L W £ K for some i,j (i = 0, 1, j = 0, 1, . . . , iV - 1). Since (h) C K, we have 
iiu* G K. 

If z = 0, then t G K, and hence ii2 C K. By maximality of ii2, we see that K = H2. By 
the same argument, we see that if i = 1, then K = H3. Thus there is no maximal commutative 
normal subgroup of G except for Hi, H2, H3. □ 

In what follows, we assume that the characteristic ch(fc) does not divide 2nN. To determine 
the universal i?-matrices of k[H], we use the basis consisting of the primitive idempotents of 
k[H}. 

Lemma 5.14. Let N > 1 be an odd integer, and n > 2 an integer. Let H be the commutative 
group of order 2nN defined by H = (h, w \ h 2N = 1, w n = h N , hw = wh) , and lo a primitive 
AnN-th root of unity in k. For i,k G Z, we set 

n-12JV-l 
n j=0 «=0 

T/ien { E'jfc | i = 0, 1, . . . , n — 1, fc = 0, 1, ... , 2iV — 1 } is the set of primitive idempotents of 



k[H], and the following equations hold: for all i,j,k,l £ Z 



Ei+ n ,k — Eif., Ei_ Nyk+2 N — E ik , (5.4) 

P p _s(2iV) A (2n) p _ r(2AT) r(2n) „ fr r>> 

iitfciijj - d w fc+2M+2j %z - d kl o k+2i>l+2j ti ik , (5.5) 



where 



( m ) _ I 1 (fe = i (modm)) 
kl [O {k ^ I (modm)) 

for m = 2N or m = 2n. Furthermore, the coproduct A, i/ie counit e, and the antipode S of the 
group Hopf algebra k[H] are given as follows: 

A(E ik ) = E E ap ®E bq , (5.6) 

0<p,g<2iV-l 0<a,b<n-l 
p+q=k (mod 2N) a+b+ -fc+P+g = t ( mod n ) 

£(Eik) = Si,odk,o, (5-7) 
S(E ik ) = E-t-k. (5.8) 

Proof. For integers % and k, let be the group homomorphism from H to k denned by 
Xik {w) = u 2N ( k+2i \ Xik{h) = uJ 2nk . Then the set { X ik \i = 0, 1, . . . ,n- 1, k = 0, 1, . . . , 2N-1 } 
consists of all irreducible characters of H. So, 

n-12JV-l n-12JV-l 

^EE x*(«-'fc-Vfc' = ^E E w -^«J-**^^ = ^ 

j=0 1=0 j=0 1=0 

is a primitive idempotent of k[H], and the set {E^.} consists of all primitive idempotents of 
k[H]. By definition the equations (|5.4p and (|5.7p are obtained immediately, and the equations 
(|5.5p . (|5.6p and ([5.80 follow from that w 7 /^ is written as 

n-l 2JV-1 

w ' hl = E E W 2J W 2i+ *> +2nW £ ifc , (5-9) 
i=0 fc=o 

which comes from orthogonality of characters. □ 



Lemma 5.15. Let N > 1 be an odd integer, and n > 2 an integer. Let H be the commutative 
group of order 2nN defined in Lemma \5.14\ and to £ k a primitive 4nN-th root of unity. Then 
any universal R-matrix R of k[H] is given by 

n-l 2N-1 

R=Y J l/ kl UJ 2aN(2i+k)(2j+l)+2n(qkl+2pjk+2rij) ^ p^ (g 1Q) 

i,j=0 k,l=0 

for some v £ {±1}, cl £ {0, 1, . . . , n — 1} and p,q,r £ {0, 1, . . . , N — 1} such that pn, rn are 
multiples of N , where {Ei k } is the set of primitive idempotents of k[H] defined in Lemma \5.14\ 
Conversely, the above R given by \5. 1 0\) is a universal R-matrix of k[H\. 



Proof. Let R be an element of k[H] <S> k[H], and write R in the form 

n-1 2AT-1 

R = 52 52 Rfi E ik ® E iX (R% e k). 

i,j=0 k,l=0 

We treat the indices i and j of i?*^ as modulo n, therefore R 1 ^ has a meaning for all integers 
and j. For < m < AN — 1, we define <5(m) by 



S(m) 



(0<m<27V-l), 

1 (27V < m < AN - 1) 



Then we have 



n-1 2N-1 

(A®id)(H)= £ £ 

j,a,b=0 l,p,q=0 
n-1 2N-1 

^13^23= ^ R a j fR b j q l E ap ®E bq ®E jl . 

j,a,b=0 l,p,q=0 

Hence (A <g> id) (i?) = R13R23 if and only if 

^a+6+iVc5(p+g), p+g-2Af5(p+(5r) _ j^ap j^>q ^ j-q 

for all j, a, b = 0, 1, . . . , n — 1 and l,p, q = 0, 1, . . . , 2N — 1. Similarly, (id A)(i?) = R13R12 if 
and only if 

pifc _ rtik r>ik io-i 
^a+b+NSip+q), p+q-2N5(p+q) ~ ^-bq^ap 

for i, a, b = 0, 1, . . . , n — 1 and k,p,q = 0, 1, ... , 2iV — 1, and also we have (e (g) id) (i?) = 
(id <S> e)(R) = 1 if and only if 

4° = < = 1 (5-13) 

for j = 0, 1, . . . , n — 1 and / = 0, 1, . . . , 2iV — 1. Thus R is a universal i?-matrix of k[H] if and 
only if the equations (f5T2l . ([5TT21) . ([533]) hold. From the equations (|5TT]) and (l5T2|) . i?^ can 
be expressed as the form 

R$ = (RZlfiR^iRlIf (R§) ij . 

Since (R$) n = ^ = J2{g = 1 and (J2$) n = R% = flgj = 1 by lETTTl) . we see that i$> and i?^ 
are can be written as 



R l £ = uj iaN , R% = u; 4bN (0<a,b<n-l). (5.14) 
By using the equations (|5.1ip and (|5.12p . repeatedly, we have 



f = (R° {) 2N - 2 R° l = ■■■ = H&lQF- 1 = <° = (*i 

l(-^0l) 2Ar = (^Ol) 27V 2 -^02 = • • • = ^Ol-^oW-l = ^JVO = (-^10) 



10\N _ , AaN 
01 J - W 

o^jv _ ^ibN 2 



Therefore uj ihN = w 4aAr +4pn must be required for some < p < N — 1 such that pn is a multiple 
of N. From the equation (R%\) 2N = oo AaN \ we may set (R%\) 2 = u 4aN + 4 Q n (0 < q < N - 1), 
and hence 

By using the equation (I5TTD . repeatedly, we have (i^g)^ = R% = (Rli) 2N = u; SaN2 . So, 
R\q can be expressed as 

for some < r < iV — 1 such that rn is a multiple of N. From (|5.14p . (|5.15p and ()5. 16|) we see 
that a universal i?-matrix R of k[H] is written in the form 

n-l 2AT-1 

i? = ^ ^ 1$ ® E jh Rf t = I/ « w 2^(2i+fc)(2i+0+2n(,«+2pifc+2ry) 
ij'=0 fc,i=0 

for some i/ G {±1}, a € {0, 1, . . . , n — 1} and p, q, r G {0, 1, . . . , N — 1} that pn, rn are multiples 
of N. 

Conversely, it is not hard to check that R G k[H] <S> k[H] which is given by the form above 
is a universal i?-matrix of fe[iT]. □ 

By use of Lemma 1 5, II and Lemma f5.15l one can determine the universal i?-matrices of fc[Gjvn]- 

Proposition 5.16. Let N > 1 be an odd integer, and n > 2 an integer. Let lo be a primitive 
AnN-th root of unity in k, and {Ei k } be the set of primitive idempotent of k[H] defined in 
Lemma \5.14\ Then for any v G {±1} , a G {0, 1, . . . , n — 1}, q G {0, 1, . . . , N — 1}, 

n-l 2N-1 

R aqu :=J2J2 v kl oj 2aN{ - 2i+k ^ +l ^ kln E lk ® ^, (5.17) 

i,i=0 fc,Z=0 

is a universal R-matrix of the group Hopf algebra k[GN n ]. Furthermore, 

• Ragu is a universal R-matrix of the group Hopf algebra k[(h)] if and only if a = 0, and 

• ifn>3, then any universal R-matrix is given by the above form, therefore, the number of 
the universal R-matrices of k[GN n ] is 2nN. 

Proof. Let R be a universal i?-matrix of k[H], where H is the subgroup of G^n defined in 
Lemma 15.151 and write it in the form 

n-l 2JV-1 

R= Yl Yl RflEik^Ejt. 

i,j=0 k,l=0 

By using E ik t = tE_i_ k:k we have 

n-l 2JV-1 

A co ?(t)-R = £ RfitE ik ®tE jU 

i,j=0 k,l=0 
n-l 2JV-1 



R-A(t)=J2 Y R -) k i tEik tE H- 



Hence R is a universal i?-matrix of fc[Gjv n ] if and only if = Rfi for all i,j, k, I. Since R 

is a universal i?-matrix of k[H], Rjj is written in the form 

jjik _ kl 2aN(2i+k)(2j+l)+2n(qkl+2pjk+2rij) 
jl 

for some a € {0, 1, . . . , n — 1} and p,?,r G {0,1,...,JV- 1}. Therefore, we have 

r/-i-k,k _ r>ik , . 2n(-2p(2j+l)k+2r(kj+il+kl)) _ -i 

Considering the equations in R.H.S. for (i,j,k,l) = (1,0,0,1) and (i,j,k,l) = (0,0,1,1), we 
see that R is a universal Z?-matrix of fe[Gjvn] if and only if uj Apn = uj Arn = 1. This condition is 
equivalent to that the both p and r are multiples of N. It follows from < p, r < N — 1 that 
p = r = 0. □ 



Proposition 5.17. Let N > 1 be an odd integer, and let to be a primitive 8N-th root of unity 
in a field k whose characteristic dose not divide 2N . Then the number of universal R-matrices 
of the group Hopf algebra k[GN2] is 8N, and they are given by the list below. 

• universal R-matrices of k[(h)]: 

2N-1 

Rd= Yl u Mkl E k ®Ei (d = 0,l,...,2N- 1), 

k,l=0 

where E k = ^ N Y?i=v 1 u~ m h l . 

• universal R-matrices of k[H{\, where Hi = (h,w): 

2N-1 

= E E vW i+k W+D+W EhQEfl (q = 0, 1, . . . , TV - 1, „ = ±1), 
ij'=0,l k,l=0 

where E lk = ^ E J= o,i Y.l^i-^^^^hK 

• universal R-matrices of k[H^, where H2 = (h,t): 

2N-1 

K?:=RH= E EC- 1 )^^ 4 *'^®^' (d = 0,1,..., 27V -1), (5.18) 

i,j=0,l fc,Z=0 

^ere £ lfc = ^ E J= o,i T,^' 1 (-1)^ h l . 

• universal R-matrices of k[H^\, where H3 = (h,tw): 

2JV-1 

R < d ) --= I $mi= E EC- 1 )'*^ 4 *'^®^' (d = 0,1,..., 27V -1), (5.19) 

?J=0,1 fc,«=0 



n 1-1 



Proof. By Proposition 15.161 it is sufficient to determine the universal i?-matrices of k[GN2\ 
which come from that of fe[i?2] ° r k[H^\. By Lemma 15.21 it follows from Hi = C2 X C2N for 
i = 2, 3 that a universal i?-matrix of k[Hj\ is given by 

m— 1 n—l 

i,j=0 fc,Z=0 

where p,r£ {0, 1}, g G {0, iV} ; s G {0, 1, . . . , 2N - 1}. 



Let us consider the case of i = 2 and R = Rpff . We set Rf t = {-ly^+^uo 21 ^^ . Then 



by using E ik w = wE i+k:k , we have 

A cop H R = R- AH flj-*'* = flg for all i, j, fe, I 

(-iyU-l)pk-l(pi+rk) u -2l q k = 1 for aU - ; ^ fcj l 

<^ (p,q,r) = (0,0,0) or (p, q,r) = (0, iV, 1). 

Thus -Rp^ 2 ' is a universal i?-matrix of fc[G/v2] if and only if (p,q,r) = (0,0,0) or (p,q,r) = 
(0, N, 1). It is easy proved that Rq^^ is a universal i?-matrix of k[(h)], and i?ojvi 2 J ^ s n °t- By 
a similar manner, it is shown that a universal i?-matrix Rp q ^ of fc[i?3] is a universal i?-matrix 
of k[G] if and only if (p,q,r) = (0, 0, 0), (0, N, 1), and fljS^? 1 is that of k[(h)] if and only if 
(p,q,r) = (0,0,0). □ 



Lemma 5.18. Xei iV > 1 be an odd integer, and n > 2 an integer. 

(1) The Drinfel'd element u aqv associated to R aqu in Proposition \5.l6\ is given by 

Ti-l 2AT-1 

= £ £ ^W+^-27^ ^ 

where {Ei k } be the set of primitive idempotents of k[H] defined in Lemma \5.14\ 

(2) In the case of n = 2, for each i = 1, 2 f/ie Drinfel'd element 1$ associated to R^9 given 
by 115.18]) and 115. 19\) is given by 

2N-X 
fc=0 

where E k = ±fY?i=v 1 "- m ti. 
Proof. (1) By definition, 

n-X 2N-X 

= E E 

ij'=0 fc,Z=0 

For a fixed integer A; G {0, 1, . . . , 2N — 1} there is a unique integer I G {0, 1, . . . , 2iV — 1} 
satisfying —l = k (mod2iV), and that is given by 




2N-k (k = 1,...,2JV-1), 
(k = 0), 



and under this condition, for a fixed integer i £ {0, 1, . . . , n — 1} there is a unique integer 
j G {0, 1, . . . , n — 1} satisfying — 2j — I = 2i + k (mod2n), and that is given by 

j- N -i (k = l,...,2N-l), 

J = U ( fc = o) (modn) - 



Thus we have 



n-12JV-l n-l 



i=0 k=l i=0 
n-l 2AT-1 

= E E ^- 2ajv ^ +fe ) 2 - 2<?fe2n s ifc . 



i=0 fc=0 



(2) By definition, 



2JV-1 2JV-1 2JV-1 

4 1} = E E {-ly^u^siEjOE* = E E ^ 4dfc2 ^ = E ^ 4dfe2 ^- 

i,j=0,l fe,«=0 i=0,l fc=0 fe=0 

(2) 

By a similar computation, we have the formula for uy . □ 

Let to G fe be a primitive 4niV-th root of unity. Then a full set of non-isomorphic simple left 
fc[GjV n ]-modules is given by 

{ V ijk | i,j = 0,1, k = 0,2,...,2N-2} 
U{ V jk I k = 0, 1, . . . , 2N - 1, j = 1, 2, . . . , n - 1, j = k (mod 2)}, 

where the action \ijk of k[G]yn] on Vij k = k is given by 

I uj 2kn in is even ^ 

x^{t) = {-iy,x^{w) = (-iy, Xl0k (h) = \ . ; ' (5.20) 

I w " J (n is odd), 
and the left action of fc[Gjv n ] on Vjfc = fc © k is given by 

pjk(t) = ^ , PjfcH = ^ ' MM = ("o J^) • ^ 5 - 21 ^ 

Lemma 5.19. For each universal R-matrix R of k[G^ n \, ^ e R- dimensions of the simple left 
k[G Nn]-modules Vij k and Vj k are given as follows. 
(1) Forn> 2, 

\ijj~ 2nqk2 (n is even), 

chm^ V jk = 2v k u- 2n ^ 2Na ^. (5.23) 

(2) For n = 2, 



i 



dim (1) V ijk = dim (2 ) V^- fc = u 4dk , 

d d 

dim (i) V lk = dim (2) V"i fc = 2oj- Mk2 . 



A 1~\ 



Proof. (1) Let n be an even integer. Since 

n-l 2N-1 



1 " * 

^) = pE E c- 2 ^('+ 2 -)- 2 ^(-l)^(a;) 2 ^ 



6=0 p=0 
n-l 

Co'' 

6=0 



tj — ^ 



we have 



n-l 



n-l 



■v , f„ ^ - V u k < ,-2aN(2m+k) 2 -2qk 2 nAn) _ \ ^ -2a/V(2m+fc) 2 -2gfc 2 n A (n) 

Xijk{U>aqv) — ^ V UJ • nj _ k — ^ w ° nj-fc ■ 



m=0 



m=0 



Since there is a unique integer in {0, 1, . . . , n — 1} which is equal to fc as modulo n, 

_ ri -2aN((nj-k)+k) 2 -2qk 2 n _ uJ -2qk 2 n 



Xijk{Uaqv) = U 

This shows that dim Ra v Vijk = u~ 2qk2n . 



Let n be an odd integer. In this case, Xijk{E m l) = $j+k,l^nj-j-k since n — 1, k are even, 

2 ' m 

and thus we have 



n-l 



m=0 



= u i UJ - 2aN (i. n 3-i-k)+j+k) 2 -2q{j+k) 2 n = (_!)«?' u -2q(j+k) 2 n _ 



This shows that dim R ^ F ijfc = z,i(-l) a icc>- 2 ^ +fc ) 2n . 
Next we calculate dini ^ ^V^-fe. Since 



Pjk(E m i) 



2nN 



-2bN(l+2m)-2lpn 



">k,l 



n-l 27V- 1 

EE- 

6=0 p=0 
« 6=0 



w 2 ^ 

o ^- 2 ^ 





" fe=o 



e(n) 

' j-k 



r(n) 



w 2fcn q 
W 2fcn 



-j — k 



we have 



n-l 



ft *(v) = E ^- 2 ^ 2m + fe ) 2 - 2 ^ 2 



c(") 

2 ' 



m=0 



An) 

' -j-k 



A 1 



Thus we have 



—l^aqv J 



j — k 



.III 



(2) From Xijk(Ei) = S k> i and pi k (Ei) = 5 k j ( Q ^ ] we have 



2JV-1 



2AT-1 



dim (i) = dim (2)^ = w Xijk{Ei) = w <5 M = lj 

z=o z=o 

27V-1 2JV-1 

dim^i) Vi* = dim fi{2) y lfe = i^ 4(ffl2 Trp lfc (^) = w" 4 ^ • 2<5 M = 



-4dfc 2 



- 1(/A:- 



Z=0 



«=0 



□ 



Combining the results in Proposition 15.161 Proposition 15.171 and Lemma 15.191 we have the 
following. 



Proposition 5.20. Let N > 1 be an odd integer, and n > 2 an integer, and consider the group 
Gnu = (h, t, w | t 2 = h 2N = 1, w n = h , tw = w~ 1 t, ht = th, hw = wh). 



Let ijj be a primitive AnN-th root of unity in a field k whose characteristic dose not divide 2nN . 
Then the polynomial invariants of the group Hopf algebra fc[GjVn] are given by the following. 

( N—l N—l „ / _ 

II 11 (X - 0J- 8nqS ) in (x 2 - w -4n<?(2s+l) 2 )2n ^ ^ ^ 
s=0 q=0 
N-lN-l 

IT U(x- uj- 8nqs ) 8n (n > 4 is even), 

s=0 g=0 
N-lN-l 

II 11 {x - io~ 1&qs f 2 (n = 2), 

s =0 q=0 

n — e(n) 

iV-l — 2 n-1 N-l 



P ^ i(») = 4 



n n n n - w ~ 4(n9(2s+1) + jv °( 2 *- 1 ) )) 

t=l a=0 g=0 



n-2+e(n) 

2V-1 j-^n-lJV-l 

xn n n no-^ -8 ^ + } ) 2 fa>3), 

s=0 t=l a=0 7=0 



n n (x 4 - io~ i&q{2s+i) ){x 2 - uj-^ 2s+i ) ) 2 

s=0 q=0 



(n = 2), 



where 



e(n) 



n is even, 

1 n is odd. 



Proof. First, we consider the case of n > 3. By Proposition 15.161 any universal P-matrix of 
k[GNn] coincides with exactly one of R aq v (a = 0, 1, . . . , n — 1, q = 0, 1, . . . , N — 1, v = ±1). 

Suppose that n (> 4) is even. Then by Lemma 15.19( 1). the polynomial invariant Pj^q n 
is given by 



1 JV-1 1 N-1N-1 N-1N-1 

p ?Lj^ = n n *w =111111 - 8 "" 2 ) 2 - = n n 

i,j=Q s=0 i,j=0 s=0 q=0 s=0 q=0 



n-l N-l _ 2 2 

By the same lemma, since P fe r G ] v (s) is given by P fc r G ] y. (a;) = n ]J f\ ( x -u k uj^ nqk +Na ^) 

a=0 q=0 v=±l 

for the simple left fe[Gjv n ]-module Vjk, we have 



n n~2 

N-l 2 JV-1 — 



p %G N j x ) = (n n p k[G Nn ], v 2t . ias+1 {x)) (n n p kg»«\> v 2i , 2 » 

s =0 t=l s=0 t=l 

N-l f n-l JV-1 

= n nn n n ix-^- 2 ^ 2 ^^^- 1 ^) 

s=0 t=l a=0 q=0 v=±l 

N-l ^j 2 n-l JV-1 

x n n n n^- w ~ 8(n9s2+Ara * 2) ) 2 

s=0 t=l a=0 g=0 

JV-1 f n-l JV-1 

= n n n n ( x2 - u-^ 2s+i ? +N < %t - 1 ^) 

s=0 t=l a=0 q=0 

N-l ,J ir n-l N-l 

x n n n n^-^~ 8(n,?s2+Ara * 2) ) 2 - 

s=0 t=l a=0 q=0 

By a quite similar consideration, we calculate the polynomial invariants of k[GN n ] in the 
case where n (> 3) is odd. 

Next, we consider the case of n = 2. Then by Proposition 15.171 any universal P-matrix of 



^[Gn2\ coincides with exactly one of R aqu (a = 0, 1, q = 0, 1, . . . , N— 1, z/ = ±1), P^ 1 , P^ (d 

(l) 



0, 1, ... , 2N — 1). Thus by Lemma 15.191 the polynomial invariant P^rg^i ( x ) is given by 



i,j=0 s=0 

JV-1 /JV-1 2JV-1 



n nfn^-^ 4 ^ 2 ) 4 - u^-^^n 

n — n 1 o— n \ «— n ,-/— n / 



legale . rr rr f x -u- mds2 " 



i,j=0,l s=0 v <?=0 d=0 
N-l N-l N-12N-1 

n it— --v-n n 

s=0 q=0 s=0 d=0 

N-l N-l 

n n(--^ i69s2 ) 32 - 

s=0 9=0 



Similarly, by Proposition 15 , 1 71 and Lemma 15.191 we have 
N-l 

P k\G N2 ]( X ) = II P k[G N 2],Vi,2 S+ A x ) 



Here, 



s=0 

N-l , 1 JV-1 2AT-1 

n(nn n(*-^~ 2o ^~ 4<z(2s+i)2 )- n^-^ 2 ^ 2 ) 2 

s=0 ^a=0 q=0 u=±l d=0 

N-l , 1 N-l 2N-1 \ 

n ( n n ^ 2 - ^ AaN ~^ 2s+i)2 > . n 0= - ^ 2s+ ^ f\. 

s=0 ^a=0 q=0 d=0 ' 



2N-1 N-l N-l 



A(N+q)(2s+l) 2 



d=0 q=0 q=0 

N-l N-l 

= H(x- w - 4 ^ +i ) 2 ) H(x+ w - 4 ^+d 2 ) 

q=0 q=0 
N-l 

-n 

g=0 



2_ W -8 9 (2 S+ 1)^ 



and whence 



AT-l ,N-\ N-l 

= n ( n ^ - ^- 4jv - 8?(2s+i)2 ) n ^ - -- 8q{2s+i) y 

s=0 %=0 q=0 



N-l N-l 
s=0 q=0 



For an odd integer N > 1 and an integer n > 2, we set 



A 



Nn 



Ajy+ if n is odd, 
^4^~ if n is even. 



□ 



We see immediately that if n is odd, then (a;) = P^q n i (a?) f° r cZ = 1,2. So, our polynomial 
invariants do not detect the representation categories of A^n and fc[Gjvn]- However, for an even 
integer n we have: 

Corollary 5.21. Let N > 1 be an odd integer, and n>2 an even integer. Let u be a primitive 
AnN-th root of unity in a field k whose characteristic dose not divide 2nN. Then two Hopf 
algebras An h and k[G]y n ] are not monoidally Morita equivalent. 



(2) (2) 

Proof. First, let us consider the case of n > 3, and compare P A ^ (x) and P^g n ](%)■ By- 
Corollary 15.121 we see that uj~ n is a root of the polynomial P^ (x) since n is even. On the 
other hand, by Proposition 15.201 an arbitrary root of P^q n i ( x ) 1S written in the form u> 2k for 

some integer k. If P^ (x) = P^q n A x )j then Pj^Q N A x ) has to possess u; -Ar as a root. Then 
lj~ n = ui 2k for some k, that is, iV + 2k = (mod4raiV). This leads to a contradiction such 

(2) (2) rTr—rrt 

that iV is even. So, Pj^ (x) ^ Pk[G N ano - Theorem 12.61 4 V M and fc [ GjVn ]M are not 
equivalent as fc-linear monoidal categories. 

Next, let us consider the case of n = 2, and compare P An2 {x) and P^ G ^^{x). By Corol- 
lary [5J2] we see that —1 is a root of the polynomial P A (x). However, by Proposition 15.201 an 
arbitrary root of Pk\G N2 ] ^ 1S wr ^ten in the form u> 1&k for some integer k. By a similar argument 
above, we see that — 1 = oj an is not a root of P^il, Ax). Thus p! 1 ^ (x) ^ P^L Ax), and hence 
by Theorem 12.61 4 V2 M and fc^^jM are not equivalent as fc-linear monoidal categories. □ 



Example 5.22. For a non-negative integer h, $h denotes the h-th cyclotomic polynomial. Then 
by using Maple 12 software, we see that the polynomial invariants of Hopf algebras k[GNn] and 
Anu for N = 1, 3, 5 and n = 2, 3, 4 are given as in the following table. 



Hopf algebra A 




Pf (x) 


k[G l2 ] 


$32 


$ 4 $|$f 


An 




^s^i^i 


k[G 32 ] 




$f 2 $f$[!$^ 5 $f 


A 32 


$ 32 $ 32 $ 80$80 


$l 4 $l$f$t$l°$l° 


k[G 52 ] 


$128^288 




A 52 


$64 $ 64 $ 144$144 


<f> 4 *8 *8ff,9ff,18ff,18 
^40^10^5^8^2 ^1 


k[G 13 ] 
A 13 


$6^,18 


$ 6 $|$2^i 


k[G 33 ] 
A33 


$12$36 $ 30 $ 90 


$|$| 7 $|$f 


k[G 53 ] 
A 53 


$24^72^54^162 




k[G 1A ] 
A u 


$32 


$|$2 $ 6^6 

*2 $4 
^16^4 


k[G u ] 

A 3 4 


$64$16° 


^24^12^8 ^6 ^3 ^4 v 2 ^1 

$4 $10^8 $20 
^48^16^12^4 


k[G 54 ] 
A 54 


$128$288 
5 1 


<T>8 $8 $24$24$18$18fc54$54 
^40^20^10^5 ^8 V 4 v 2 ^1 

^80^20^16^4 



We note that the representation rings of An u and k[GNn\ are isomorphic as rings with *- 
structure (see Proposition 16 . 51 for details in the next section). Thus the pair of two Hopf algebras 
Anu and k[G]y n ] gives an example of that their representation rings are isomorphic, meanwhile 
their representation categories are not. 



6 Appendix: The representation ring and self-duality of A^ x n 

In this appendix, in the case where N > 1 is odd, by analyzing the algebraic structure of A^ 
we introduce a "convenient" basis of A^ to compute the braidings a a p given in the previous 
section, and determine the structure of the representation ring of it. As an application, we 
determine when At^ is self-dual. As one more application, we show that if n is even, then the 
representation ring of A~trt is non-commutative. This means that the dual Hopf algebra of A'^ 
has no quasitriangular structure. These results have already shown in [2] in the case of N = 1. 

Throughout this section we assume that N > 1 is an odd integer, n > 2 is an integer, and 
A = ±1. 

6.1 The algebra structure of 

First of all, we determine the algebra structure of the Hopf algebra A% . This is done by 
Masuoka [18] for the case of N = 1 (see also [2] ) . 

Proposition 6.1. Let G be the finite group presented by 

G = (h, t, w | t 2 = h 2N = 1, w n = h( n+ ^ N , tw = w~H, ht = th, hw = wh). 
Then there is an algebra isomorphism (p : k[G] — > suc ^ that 

ip[h) = x \ x - x\ 2 , (6.1) 

tp(t)=x? 2 + xg, (6.2) 

ip(w) = x\^~ l X22 - x™~ l xv2- (6.3) 

Proof. First, we will check the well-definedness of (p. To do this it is sufficient to show that <p 
preserves the defining relations of G. By definition we have two equations ip(t) 2 = (x^ 2 + x 22.) 2 = 
xff + x™ = 1 and p(h) 2N = (x 2 u -xj 2 ) 2N = sff + xj$ = 1, and since <p{h) = x 2 u -x 2 2 is in the 
center of by Lemma 1531 two equations Lp(h)tp{t) = (p(t)(p(h) and (p(h)<p(w) = tp{w)<p{h) 
are obtained. Now, we set z = hw, and define 

lf(z) = X U X 2 2 + £21X12. 

Then we have ip(z) = (p(h)(p(w), and by using Lemma [53)^5), 



ip(z) n = (xuX 2 2 + X 21 X 12 ) n = (x U X 22 ) n + (x 2 lXl 2 ) n 



xfi + xf 2 — (x n + Aajf 2 )(x 11 + x\ 2 ) n 

v(7V+l)n+^fiiV 



Therefore, ip(w) = tp(h)( n+ 2 ) N . To show the equation ip(t)cp(w) = ip(w) 1 p(t), it is sufficient 
to show that ip(z)(p(t)(p(z) = p(h) 2 ip(t) since 

<p{t)cp{w) = (p(wy l (p(t) <p{t)<p(z) = y{h)y{w)- l ip(t) 

^=> <p(w)<p(t)<p(z) = <p(h)<p(t) 
<S=^» <p(z)tp(t)<p(z) = <p(h) 2 (p(t). 

The last equation can be derived as follows. 

<p(z)(p(t)tp(z) = (x U X 22 + X 21 X 12 )(x^ 2 + X 22 )(x n X 22 + X 21 X\ 2 ) 

= xnx 22 +1 xnx 22 + x 2 ix± 2 +1 x 2 ixi 2 

2 N+2 1 2 N+2 
— x 11 x 22 x 21 x 12 

= (x{\x\ 2 + x 21 :r 12)( :z '22 + x 12) 

= (#11 + Xi 2 )(a;22 + ^12) 

Thus there is an algebra map ip : k[G] — > A+ X n satisfying (JEJ, Q and (JO}. 

Next, we show that ip is surjective. For this, it is enough to show that xn, x\ 2 , x 2 i, x 22 
belong to the image of (p. Since N is odd, the equation x\ 2 + x\ 2 = x\ x + x\ 2 = ip(h) N+1 holds. 
Putting N = 2m + 1, we have 

¥>(*) = (x 12 + x 22 )(xj 2 + x\ 2 ) m = {x n + x 22 )p{h) m( ^ N+l \ 

and whence 

X12+X22 = y?(t/i- m(Ar+1) ). (6.4) 
Since = (rr 2 2 - xi 2 )(x 2 2 + ^12) = (x 22 - xi 2 )p(th~ m( ^ N+1 ^), we also have 

x 22 -x 12 = p(th m( - N ^ +1 ). (6.5) 

From the equations (16. 4D and (|6.5|) . we see that xi 2 ,X22 are contained in the image of (p. 

Using the equation xx%cp(z) = :eii0e;li2!22 + #21^12) = ^11^22 = x 22 , we have X\\ = 
x 22 i P( z ) = X 22 < P( Z )• This shows that x\\ is in the image of <p. Similarly, using the equation 
X2i i f(z) = x\ x x\ 2 = x\ 2 we have x 2 i = x\ 2 (p{z) = x\ 2 ip{z~ 1 ), and whence x 2 \ is in the image 
of ip. 

Finally, we show that ip is injective. From dim AifL = 4reiV and the surjectivity of ip, it 
follows that AnN = dimAi < On the other hand, since 

G = {fw j h k I % = 0, 1, j = 0, 1, . . . , n - 1, k = 0, 1, . . . , 2N - 1} 

as a set, we see that \G\ < 4nN. Therefore, |G| = 4niV, and (p is injective. □ 



From the above proposition we see that A^ n = fc[G/vn] as algebras. 



Corollary 6.2. Set N = 2m + 1, and consider the following elements in At?": 

U ._ „2 _ 2 . ._ W , W ._ 2iV-l _ 2JV-1 

fi .— Xu ■£\2i 1 ■— x 12 < x 22' 1(7 - — x ll x 22 x 21 x 12- 

7/ ch(k) ^ 2, then the following relations hold: 

(l)t 2 = h 2N = 1, w n = h( n+ ^ N , tw = w~ l t, ht = th, hw = wh. 

h - m[ N + l) +h m(N+l) + l h -m(.N+l) _ h m.(N+l) + l 

(6) x 22 — 2 t i 0012 = 2 *■ 

(3)x^- l +x 2 ^- l =wth-^ N+l )- 1 . 



(4) 



X ll ~ 2 +lyJ ti J X V2 ~ 2 

x 2l = 2 ~ w ^i ( x 22 = 2 +1 ^ - 

f 2N-1 l+h N ( 2N-1 2N-1 h N -1 -1 

%ll x 22 = ^^^W, I X 12 X21 = Xi2X 2i = LL ^- J -W , 

2N-1 -l+h N I 2N-1 2JV-1 h N +l -1 

^21 X 12 = 2 W ' 1^22 X H = = ^^-f^W • 



^ < 

In particular, 



-1 2AT-1 27V-1 
10 =^22 x ll ~ x \2 x 21- 



Proof. The equations in (1) are already derived in the proof of Proposition [67TJ The equations 
in (2) are obtained by solving the system of linear equations 

i x 22+X 12 = th- m ( N+1 \ 
t*22-*12 = ^ m(iV+1)+1 , 

which appears in the proof of Proposition 16.11 The equation (3) is obtained by substituting 

*22 " x 12 = th™( N +V +1 tOW = (X™- 1 + X™- 1 ){X22 ~ X X2 ). 

(4) Since x 22 ~ x i2 = t/i m(7V+1)+1 , and N is odd, we have xg-x^ 2 = t N h mN( - N+1 ^ +N = th N . 
By solving the system of the equations x^> — x^ 2 = th N , + x vz = t, we get the equations 
x 22 = X 12 = ^~T~t-i and by Parts (2) and (3) we have 

T N _ N+l, 2N-1 , JiN-ls 
x ll — x ll \ x ll ' x 21 / 

= x 22 x^ 2 (x?f- 1 +x^- 1 ) 

= 1 x i x wth m ^ +L > 1 

2 2 

h N + l 

= wt . 

2 

We will calculate x^y- Since TV — 1 is even, we have 

{N N _ N N-l _ 2N-1 
x \\ x 22 — x \\ x 22 " r 22 — x \\ x 22i 
N N _ N N-l _ 2N—1 
x 2\ x \2 ~ x 2\ x \2 X ^2 ~ x 21 ' r 12- 

Hence w is expressed as 

W = Xii x 22 ~ :c 21 a: '12 = i. x ll + x 2l)( :c 22 ~~ x 12) = i x U. x 2l)th N ■ 



By postmultiplying th to the both sides of the above equation we have wth N = x^ + x 2 \- 
Thus xg = wth N - x$ = ^f^wt. 
(5) From Part (3), we have 

x™- l x 22 + xl^x 12 = (x™- 1 + x 2 2 ^)(x 22 + x l2 ) 

= wth-^+V- 1 ■ th~ m ( N+ V = W h~ 2m ~ l = wh N . 

By solving the system of the equations x\^~ l x 22 + x 2 ^~ 1 x\ 2 wh N , x 2 i~ 1 x 22 — x 2 ^~ l x\ 2 = w, 
we have x 2 i~ 1 x 22 = 1+ 2 w, x^^x^ = ~ 1 ~ 2 ~ h ui, and whence 

2N 1 2N 1 /i- m(JV+1) + h m ^ N+l ) +1 , m(N+1) , h N + l , 

x^-i^. = x 22 a;?i = twth~ m{ - N+1 '~ 1 = uT 1 . 

ii 2 2 

Furthermore, we have x\ 2 ~ l x 2 \ = x\ 2 x\ 1 ~ 1 , xW^xw = a^aJji S and 



s™- 1 - xux™- 1 = (x 22 - m)^" 1 + x^" 1 ) = ifc^+iHi . ^-^(w+D-i = 



ho, we obtain the desired equation x 12 x 2 \ = x 22 x\\ — w = 2 w —w = 2 w . 

□ 



Corollary 6.3. Let G be the finite group presented by 

G = (h, t, w | t 2 = h 2N = 1, w n = h( n+ ^ N , tw = w~H, ht = th, hw = wh). 

For the group algebra k[G] over k of ch(k) ^ 2, we define algebra maps A : — > k[G], 
e : k[G] — > k and an anti-algebra map S : k[G] — > k[G] as follows: 

A(/i) = h®h, A(t) = h N wt (g> e\t + t (g) e$t, A(w) = w (g> e$w + w~ Y (g) eiw, 
e(h) = 1, e(t) = 1, e(w) = 1, 

S(h) = h~ , S(t) = (eo — eiw)t, S(w) = e$w~ l + e\w, 

where eo = l+ 2 , e i = l ~ 2 ■ Then the algebra isomorphism ip : k[G] — * defined in 

Proposition \6.1\ is a Hopf algebra isomorphism. 



6.2 The representation ring of Aj^ 

Via the algebra isomorphism ip given in Proposition 16.14 one can determine the structure of the 
representation ring of A~}^. 

Let us recall the definition of the representation ring of a semisimple Hopf algebra, which is a 
natural extension of that of a finite group |2CH [2Tj . Let A be a semisimple Hopf algebra of finite 
dimension over a field k. By 91(A) we denote the set of isomorphism classes of finite-dimensional 
left A-modules, and for a finite-dimensional left A-module V denote by [V] the isomorphism 
class of V. Then 91(A) has a semiring structure induced by 



[V] + [W] = [V®W], [V][W] = [V®W]. 



Also, !SH(.A) has the unit element, which is given by [k], where the left A-module action of 
k is due to the counit e. Let Rep (A) denote the Grothendieck group constructed from the 
enveloping group of 9t(A) as an abelian semigroup. Then the semiring structure of ^(A) 
uniquely determines a ring structure of Hep(A). Furthermore, the ring Rep(j4) has an anti- 
homomorphism of rings * : Rep(A) — ► Rep(^4), which induced from the antipode S. Explicitly, 
this anti-homomorphism * is defined by [V] i — * [V*] for a finite-dimensional left yl-module V . 
We call the ring Rep(^4) with * the representation ring of A. In general, * : Rep(^4) — > Rep(A) 
is not an involution, and the representation ring Rep (A) is not commutative. However, if the 
Hopf algebra A possesses a universal i?-matrix, then * is an involution, and for two left A- 
modules V and W an A-linear isomorphism cy,w '■ V ®W — ► W <S> V is defined by use of 
R, and whence we see that Rep(^4) is commutative. We note that Rep(A) is a free Z-module 
with finite rank, and a Z-basis of Rep(j4) is given by the isomorphism classes of simple left 
A-modules. 

Lemma 6.4. Let k be afield whose characteristic dose not divide 2nN , and suppose that there is 
a primitive AnN-th root of unity in k. For integers i,j and an even integer k let x%jk be the one- 
dimensional representation of the algebra A]y n = k[GNn\ given by $5.20\) . and for integers j, k 
with j = k (mod 2) let pjk be the two-dimensional representation of the algebra A^ n = fc[Gjv n ] 
given by $5.21\) . We set 

I (n is even), 
e(n) = < 

I 1 (n is odd). 

Then as representations of the Hopf algebra Ajy n the following hold for i, j, k, i' ,f , k' E Z. 

• (i) [P2n+j,k] = [Pjk] = [P-j,k] f or 3 = k (mod 2), and [p n +j,k] = [Pn-j,k] for n + j = 

k (mod 2), 

(ii) [pok] = [xook © Xiok] for k = (mod 2), and 

[Pnk] = [Xoi,fc-e(n) © Xn,k-e(n)} for k = n (mod 2). 

• on representations of tensor products 

(Hi) [Xijk® Xi'j'k'] = [Xi+i',j+j',k+k'], where k,k' are even, 

(iv) [Xijk © Pj'k'} = [Pj'k' © Xijk] = [Pnj+j',k+k'+e(n)j] for k = 0, / = k' (mod 2), 

(v) [p jk (8) pjiy) = [p j+j i ik +k> © Pj-j',k+k'] f° r 3 = k > f = k' (mod 2). 

• on contragredient representations Xijk an ^ Pjk 

( vi ) [X*jk) = [Xi,—j,—k] fork = (mod 2), 
(vii) [Pj k ] = [pj-k] for j = k (mod 2). 

Proof, (i) By definition [p2n+j,k] = [Pj,k] and [p~j,k] = [Pjk] are obtained immediately. By using 
these equations we have [p n +j,k] = [p-( n +j),k] = [P2n-(n+j),k] = [Pn-j,k]- 



(ii) Let {ei,e2} be the standard basis of Vok = k®k. Then the subspaces k(e± + e%) and 
k(ei — e-i) are pofc-invariant , and k(e\ + &2) = Vook an d k(e\ — e-i) = Viofc as submodules of Vjk- 
This implies that [po k ] = [xoofc © Xiofc]- Similarly, the subspaces k{e\ + e^) and k(e\ — e2) of V n k 
are also p n fc-invariant, and 

JVoifc (n is even), IV 11& (ra is even), 

fc(ei + e 2 ) = < . and fe(ei - e 2 ) = I . 

|/oi,fc-i (n is odd), [Vx 1)fc _i [n is odd), 

as submodules of V nk . This proves [p nfe ] = [xoi,fc-e(n) © Xil,fc-e(n)]- 
(hi) It follows from Xijfc © Xi'j'fc' = Xi+i',j+j',k+k>- 

(iv) By using the coproduct A given in Corollary 16.31 we see that (xijk © Pj'k')(t), (Xijk © 
Pj'k'){w), (Xijk © Pj'k')(h) are represented by the matrices 

r-lV+fc'j f° ^ (u*W +j ' )N \ 2(fc+V+e( n)i)n A 



i o; ' V o w -2(ni+i')iv y > - V° V ' 

respectively. Let {ei,e2} be the standard basis of k 2 . Then by considering the matrix presen- 
tation of Xijk © Pj'k' with respect to the basis {ei, (— \) t+k ^2}, we see that [xijk © pj'k'] = 
[Pnj+j' ,k+k'+e(n)j\- 

Similarly, we see that if n or j is even, then (pj, k , ®Xijk){t), (Pj'k' ®Xijk)(w), {pj'k' ®Xijk){h) 
are represented by the matrices 



l\ (rfto+W o \ 2 (k+k'+e(n)j)n ( 1 

1 OJ ' V w -2(ni+/)iV y » w ! 

respectively, and if n and j are odd, then they are represented by the matrices 



( 1 )M , .-2(nj'+i')N n ' n , .2fni+i'lJV ' W 



2(ni'+i')JV o J 1 I o u 2(nj+j')N J ' V 1 V ' 



respectively. So, in the case where n or j is even, by changing basis from {e%, e2} to {e%, (— l) l e2} 
we see that \pyk' © Xijfc] = [pnj+j',k+k'+e(n)j\i an d i n the case where n and j are odd, by 
changing basis from {ei, e<i\ to {e2, (— VfJ 1 ^ + i ' N e\} we have the same equation [pj'k'®Xijk] = 

[Pnj+j',k+k'+j] = [Pnj+j',k+k'+e(n)j]- 

(v) Let {ei, e2} and {e^, e' 2 } be the bases of Vjk and V^/, such that the matrix representations 
of pjk and pj'k' with respect to the bases are given by (|5.21j) . respectively. Then the action of 
Pjk © Pj'k' on V jk Vj> k ' is given by 

/ _ J e 3 -a © ( if is even )> 

• e a 8 e fe - j w2( -i)»(„ i+ ;)tf e3 _ a g, e /_ fc (if # ig Qdd)) 



w 2((-i)i-^+(-i)i-^')^ ea g, e ' (if fc/ is even), 



w ■ e a <s> e b — \ ,»_ii«„-j.r_iu-i.-' JI , 

' ; 6 



w 2((-l)«i+(-l)i->/)iV ea ^ , (if fe/ ig Qdd)j 



for a,b = 1,2. Therefore, we see that [pjk <8> pj'k'] = [Pj+j',k+k' © Pj-j'.k+k 1 } by considering the 
matrix presentation of pj k (g> pjiy with respect to the basis {e\ g) e[, &2 ® e' 2 , ei ® e' 2 , e-i ® e[} or 
{e2 <8) e'i,uj 2 ^ n ^'^ N e\ <g> e 2 , ei ® e 2 , w 2 ( J " n ' +J ')-^ei ig> e^} according to the case whether &/ is even or 
odd. 

(vi) Since X * jk (t) = (-1)*, X*, fe H = (-l)"', tfjfcW = u,- 2 ( fc +^>, we have X * jk = 

Xi-j-k- 

(vii) Let {ei, ^2) be the standard basis of Vjk = k@k. Then with respect to the dual basis 
{e*,e!} of {ei,e2j-, the contragredient representation p* k is represented as follows: p* k (h) = 



uj~ 2kn 
uj 



-2kn I ! an d 



if fc is even, then p* k (t) = jY ^ fc (w) = Q w 2jiv) . and 

if k is odd, then p* k {t) = [^jN Q j » PjfcH = ( Q w -2jiV )• Thus m the case 
where k is even, by considering the matrix presentation of pj k with respect to the basis {e 2 , e*}, 
we see that [p* k ] = [pj-k\- In the case where k is odd, by considering the matrix presentation 
of p* k with respect to the basis {e*, —u 2 ^ N e 2 }, we have the same result [p* k ] = [pj,-k\- D 

From the above lemma, we see that the representation ring of A^ n is described as in the 
following proposition. In the case of N = 1, this result has already proved by [181 Proposition 
3.9]. 

Proposition 6.5. Let k be a field whose characteristic dose not divide 2nN , and suppose that 
there is a primitive AnN-th root of unity in k. 

(1) If n is even, then the representation rings of A^ n and k[GN n ] are isomorphic as 
rings with *- structure, and both of them are isomorphic to the commutative ring generated 
by a,b,c,x%, . . . , x n -\ subject to the commutativity relations and the following relations: 

a 2 = b 2 = c N = 1, (6.6) 
axi = Xi (i = 1,2, . . . ,n— 1), (6.7) 

bxi = x n -i (i = 1, 2, ... ,n- 1), (6.8) 

i_(_i)'j 

XiXj = c 2 (x\i_j\ +x i+j ) (i, j = 1,2, ... ,n- 1), (6.9) 
where indices of x in R.H.S. of 16. 9\) are treated under the rules 

x = l + a, x n = b(l + a), x n+i = x n -i (i = 1,2, . . . ,n - 1). 



The *- structure is given by 



(2) If n is odd, then then the representation rings of A^ n and k[G]\r n ] are isomorphic as 
rings with *- structure, and both of them are isomorphic to the commutative ring generated by 
a, b, xi, . . . , x n _i subject to the commutativity relations and the following relations: 

a 2 = b 2N = 1, (6.10) 

axi = x.i {i = 1, . . . , n — 1), (6-11) 

bxi = x n _i (i = 2,4, ... ,n— 1), (6.12) 

XiXj = & 1- ( -1 ) y (x| i __ 7 -| +x i+j ) = 1, ...,n- 1) (6.13) 

where indices of x in R.H.S. of Ii6.13\) are treated under the rules 

x = 1 + a, x n = 6(1 + a), x n+i = x n _i (i = 1, 2, . . . , n - 1). 

The *- structure is given by 

a* = a, b* = b~\ x* = b^^Xi (f = 1, . . . , n - 1). 

Proof. Since the same results in Lemma [6.41 hold for the group Hopf algebra k[G^f n ], it is 
sufficient to prove that the representation ring of A^ n is isomorphic to the commutative ring 
1Z which is presented by the given generators and relations described in the proposition. By 
Proposition 16.11 we may assume that Ajy n = fc[GjVn] as algebras. 

(1) We will prove that the representation ring Rep(Ajv ra ) is the commutative ring generated 
by a = [xioo], b = [xoio], c = [xtxd, Xi = [p ie ^)) (i = 1, . . . , n - 1) with relations ([ESJ, flES]), 
(|6.7p and (|6.9p . where Xijk and pjk are the one-dimensional and two-dimensional representations 
of the algebra A^ n = fc[G/v n ] given by (I5.20P and (15.211) . respectively, and e(i) is equal to or 
1 according to whether i is even or odd, respectively. 

Since [xooo] = [ £ ] = 1 5 by Lemma l6.4l f hi) it follows that a? = b 2 = c N = 1. By Parts (i) and 
(iv) of Lemma 16.41 we have 

aXi = [Xl0o][fte(i)] = [Pi,e(i)] = x h 

and 

bXi = [XOlo] [fte(i)] = [Pn+i,e(i)] = [pn-i,e{i)\ = x n-i- 

Furthermore, for integers i, j S Z, by Parts (iv) and (v) of Lemma 16.41 we have 

XiXj = [Pi-j jt (i)+e(j)} + [Pi+j,e(i)+t(j)] 

{Xi-j + x i+ j = x\i_j\ + x i+ j (i or j is even), 

[pi-3,2] + [Pi+3,2] = [xoo2]([Pi-j,o] + [Pi+j,o]) d and 3 are odd), 

= C 2 (x\i_j\+X i+ j). 

By Lemma l6.4f ii) we have 



a^o = [xooo] + [Xioo] = 1 + a, x n = [xoio] + [xno] = [xoio] + [xoio][xioo] = K 1 + a ) ; 



and by Lemma l6,4f i) we have 

x n+i = [Pn+i,e(n+i)] = [Pn—i,e(n+i)} = [Pn— i,e(n— i)) = x n—i- 

From the results argued so far, we see that there is a ring homomorphism / : 1Z — > THep(A]\[ n ) 
such that 

f(a) = [X100L f(b) = [Xoio], /(c) = [X002], /Oi) = [pie{i)\ (i = l,2,...,n- 1). 

To show that / is bijective, let us construct the inverse map of /. Let g : Rep(Aj^ n ) — > 1Z be 
the Z-linear map defined by 

9{[Xijk]) = a i Vc ! s (i, j = 0,l, k = 0,2,...,2N-2), 

k-e(j) 

9([pjk]) = c^ Xj {k = 0,l,...,2N-l, j = l,2,...,n-l, j = k (mod 2)). 

Then it is easily shown that g is the inverse map of /, and this concludes that / : 1Z — > 

Rep(^4Ar n ) is a ring isomorphism. 

The ^-structure in Rep(^4Ar n ) is determined as follows. By Lemma [6.4( vi) we see immediately 

that a* = a, b* = b, c* = [xoo,-2] = [xoo2] Ar ~ 1 = c N ^ = c _1 . By Lemma l6~4T vii) if i is even, 

then x* = [pio]* = \p i0 ] = x h and if i is odd, then x* = [p a ]* = [pi-i] = [pi,2N~l] = [xoo,2N-2 <S> 

(-1)*— 1 

pn] = [xoo2] 7V_1 [Pii] = c _1 Xj. Therefore, we obtain x* = c 2 Xi for i = 1, 2 . . . , n — 1. 

(2) In the same manner as above it can be verified that there is a ring isomorphism / : 1Z — > 
Rep(^Ar n ) such that f(a) = [xioo], /(&) = [xoio], f{%i) = [Pie(i)] (i = I, ■ ■ ■ ,n - 1) preserving 
*-structures. Here, what we should take account is the following fact. If we set b = [xoio]; then 
[X002] = b 2 , and since n is odd, it follows from Parts (i) and (iv) of Lemma [6741 that 

[X002 ® Pn-i,o\ = b 2 x n -i (i is odd), 
[Xooo ® p n -i,l] = %n-i {i is even). 

This is equivalent to bxi = x n ~i for all even integers i. □ 



bXi = [X010][fte(i)j = \Pn+i,l+e(i)\ = \Pn-i,l+e(i)] 



Remark 6.6. By Proposition 16.11 in the case where (A, n) = (+,even) or (A,n) = (— ,odd), as 
an algebra is isomorphic to the group algebra k[G' Nn ], where 

G' Nn = (h, t, w \t 2 = h 2N = 1, w n = 1, tw = w~H, ht = th, hw = wh). 

As a similar manner of the proofs of Lemma 16.41 and Proposition 16.51 one can determine the 
structure of Rep(^4^) in the case where n is even, and the structure of Rep(^4^) in the 
case where n is odd. As a result, we see that in the case where n is even the representation 
ring Rep(j4^) is not commutative (see Lemma 16.111 in the next subsection 6.3), whereas the 
representation ring Rep(k[G' Nn ]) is commutative since k[G' Nn ] is cocommutative. Therefore, 
two representation rings of A'tr'I and k[G' Nn ] are not isomorphic. On the contrary, in the case 
where n is odd, we see that Rep(j4^~) ®z k and Kep(k[G' Nn \) ®z k are isomorphic as algebras 
with *-structure over k. 



6.3 Self-duality of A+ X n 

Based on Corollary 16.31 we identify with k[G] such as 



Then 



h — 2 2 
n — Xn — X12, 

t = X V2 x 22 = X U x 22 + X l2i 

2AT-1 2N—1 2N—1 2N-2 2 

W = X U X 22 ~X 21 Xi2=X n X22~ X V1 X2\- 



-1 2N-1 2N-1 2N-2 2 2N-1 

W =X 2 2 x n -Xl 2 X 21 =X n X22~ x \2 X21- 



Let us determine the values of a a p on the elements of the basis { h l w t p | < i < 2N — 1, < 
k<n-l, p = 0,l } oiA+ x n . 

Lemma 6.7. Suppose that a, (3 € k satisfy {af3) N = 1 and (af3~ l ) n = A, and consider the 
braiding a a p of -Ajy-n defined in Theorem \5.8l We set £ := aj3 and n := a/5 -1 . Then for 
hj, k,l >0 the following equations hold: 

<T a p(h i w k , h?w l ) = fv v - 2kl , (6.14) 
a al3 (h i w k , h j w l t) = (-l) <+fc £ ai V fc(2, ~ 1) , (6-15) 

Proof. First, we show o a p{h % w k ,h^w l ) = £ 2y rj~ 2kl . In the case of k = the above equation is 
written as o- af3 {h\hiw l ) = (af3) 2ij . This can be proved by induction on I as follows. By use of 
the equation h? = x 2 { + (— l) J 'x^ 2 ' (j > 0), we see that 

a a(i {h\h 3 ) = a a/3 (xl\,xl{) + (-l)V a/3 (xf 1 , x 2 ^) 

+ (-l)V^(x?|,x 2 i) + (-l) i+ ^a al3 (xli,xli) 
= a aP {x\[,x 2 l) = (afif i K 

Suppose that a a p{h % , h^w 1 ) = (a[3) 2l i for some I > 0. Since 

<T a p(h\w) = 0- a p(Xlli x ll ~ 1 X22) ~ 0- a p(xj\, x l2~ 2 X2l) 

+ (-iya a/3 (xli x\^ 1 X22) - (-l)V Q/3 (z 2 |, x™~ 2 xli) 
= o- af3 (x 2 \, x 2 ?-i X 2 2 ) = (al3) 2iN = l, 

it follows that 

a a(3 (h\h j w l+l ) = a a(3 (h\w)a a(3 (h\h j w l ) = a al3 (h\h? w l ) = (a(3) 2ij . 



So, it is true for I + 1. 



Now, let k > 1, and suppose that a a p(h i w k , h j w l ) = (ap) 2lj (a' 1 /3) 2kl for all I > 0. Then we 
have 

Ca(3(ti t w k+1 , h?w l ) = a a p{h t w k , h? w l )cr a p(w, h J e^w 1 ) + a a p(h l w k , W w~ l )a a p(w, h? e\w l ) 
= o- a [3(h l w k , h j w l )a a p(w, h j w l ) 
= (a^) 2ij {a- 1 p) 2kl x {a~ l l3) 21 
= {a^(a- l (3) 2 ^ 1 . 

Thus it is true for k + 1, and the equation (|6.14p is proved by induction on k. 
Second, we show (|6,15p . By use of (|6.14p we have 

<?ap{h % w k ,h j w l t) = a a p(h' l w k ,t)a a p(h l e w k , h? w l ) + a a p(h l w~ k , t)cr a p(h l eiw k , h j w l ) 
= a a p(h i w k ,t)(aP) 2ij (a- 1 (3) 2kl . 

By induction on k we can show that a a p(h l w k , i) = (— a/3~ 1 ) fe (— 1)*, and thus the equation 
(|Q5j) holds. 

As a similar manner we can show that a a p(h t w k ,h^w^ 1 ) = (af3) 2lJ {a(3~ l ) 2k \ a a p(t, h^w 1 ) 
= (— a~ l f}) l {— 1) J , and the equation (|6.16p holds. 

Finally, we show that (|6.17p . For a, b E {0, 1} we have 

a a p(e a t,h j e b w l ) = ~(a a p(t, h? W) + (-l) b a af3 (t, h^ +N w l ) 

+ (-l) a a a p(h N t, h j w l ) + (-l) a+b a a p(h N t, h j+N w l )j 

= 1 + (- 1 ) W + (- 1 )' + (- 1 )* fH1 (-l)i ( -a-i /3) i 

{(— a~ l (3) 1 if a is even, and b is odd, 
otherwise. 

Since a a p(t,t) = (T a p(x u~ 1 X22 + %i 2 , x± 1 ~ 1 X22 + ^12) = ^(^12^12) = (a/ 3 )^"^", we have 
a a p(t, h j e a w l t) = a af3 (h N wt, t)a a p(e\t, h? ' e a w l ) + a a p(t, t)a a p(e t, h j e a w l ) 
[O 2 (a = 0), 

" \ {al3)^a{-\y{-a- l l3) 1 (a = 1). 

So, by using the equation a a p(h l w k , h?w~H) = {-l)' L+k (aj3) 2tj (a[3~ l ) k ^ 2l+1 \ we have 

a a p(h l w k t, h j w l t) = cr a p(h l w k , h j w l t)a a p(t, h j e w l t) 

+ (T a p{K l w k , h j+N W - l+1 t)a a p(t, h j e lW l t) 
= a aP (h i w k , h^ N w- l+1 t)a a p(t, t)(-iy(-a- l p) 1 

= (_l)*+i+fc+i ( a/ 3)2ii+^ ( a/3 -i )2«-fc-i a . 

□ 



From here to the end of the paper, we suppose that k is a field whose characteristic does 
not divide 2nN, and it contains a primitive 4niV-th root of unity. 

Theorem 6.8. Let a, j3 be elements in k satisfying (a/3) N = 1 and (a/3~ 1 ) n = X. Suppose that 
A = — 1 or (A,n) = (1, odd). Then the braiding o a p of is non- degenerate if and only if 

(i) a/3 is a primitive N-th root of unity, and 

(ii) a/3' 1 is a primitive n-th root of X. 

Proof. To show "if part, we show the contraposition. 

Suppose that a/3 is not a primitive iV-th root of unity. Then N > 3 is required since if 
N = 1, then a/3 = {a[3) N = 1. Let £ be a primitive iV-th root of unity. Then a/3 is represented 
by a/3 = £ m for some divisor m (7^ 1) of N. Hence by setting m! := N/m (< N), we have 

a aP (h 2m ', h?w l ) = (a/3) 4m 'i = t mm ' J = t Nj = 1 = Ml, 
o- a p(h 2m ', h j w l t) = (-l) 2m '(a/3f m ' j = 1 = a ap (l, h j w l t). 

Thus a a/3 (l - h 2m ', a) = for all a G Since 1 < 2m! < 2N, we see that 1 - h 2m ' £ 0. 

Therefore, cr a p degenerates as a bilinear form on Ajj^. 

Next, suppose that a(3~ l is not a primitive n-th root of A. Then there is an r G N such that 
1 < r < n and (a(3~ 1 ) r = X. So, (a/3~ 1 ) n ~ r = 1. By Lemma 16.71 we have 

a aP (w n -\ h j w l ) = (a/T 1 )- 2 ^-^ = 1, 
a aP {w n - T , hPw l t) = (-lf-^a/r 1 )-^- 7 ^ 2 '- 1 ) = {-l) n - r . 

If n — r is even, then 

o- a p(w n - r , h j w l ) = 1 = a a(3 (l, h j w l ), 
o-ap{w n ~ r , h j w l t) = 1 = o- a p(l, h j w l t). 

Thus cr a/3 (l-u; n " T ', a) = for all a G A^. It follows from < n-r < n-l that l-w n ~ r / 0, 
and hence a a p degenerates. 
If n — r is odd, then 

a a p(w n - r , hiw 1 ) = 1 = a a/3 {h N , Vw l ), 
o- a p(w n - r , h j w l t) = -1 = o af) (h N , h?w l t). 

Thus a a p (h N — w n r , a) = for all a G A%*. Since h — w n r 7^ 0, the braiding a a p also 
degenerates as a bilinear form. 

We will show "only if part. Let us consider the linear map F : A% — * (Aj^)* defined by 

2JV-ln-l 2AT-ln-l 
F(a) = ^aflia, h?vS)(h?vt)* + ]T Ya a p(a,h j w l t)(h^w l t)* (a G A+ X n ). 

j=0 1=0 j=0 1=0 



Here, { (h j w l t p )* \0<j<2N-l, < / < n, p = 0, 1 } stands for the dual basis of the basis 
{ bPvtff | < j < 2N - 1, < I < n, p = 0, 1 } of A+ X n . Setting f = a/3, rj = a/3" 1 , we have 

2 AT- 1 n-l 

F{h i w k )= E Y.i 2ij 7]- 2kl {{h j w l Y + {-l) i+k r) k (h j w l t)*), 

j=0 1=0 

2JV-lra-l 2 

FQjwH) = E 2(- 1 ) J ' + ^ M ^ 2fc, ~ , (( W ^)* + ( -1 ) i+ ^^^~ fca ( W ' u, ' t )*)- 

j=0 Z=0 

In what follows, let ^ be a primitive iV-th root of unity, and 77 is a primitive n-th root of A. 
We consider the case of N > 3. Since iV is odd, the following claims hold for j G Z: 

• £ 2 J = 1 j = (mod TV), 

• e j + -1. 

Therefore, for £ Z, we have 

y 1 ^-,') = J 2iV if i = i' ( mod iV )' y^i^ow) = 

1° otherwise, ^ 

Thus we have 

2JV-1 n-l 

E C^'nVw") = 2Nj2v~ 2kl {(h j 'w 1 )* + (// +J V)*), 

i=0 Z=0 
2AT-1 n-l 

E C^' Fih^t) = 2NY,(-iy' +l V 2M ~ l {(h j 'w l y - (hi' +N w 1 )*). 

i=0 1=0 

Since rj 2 ^ 1 " 1 ) = 1 if and only if Z — I' = (mod n) under the condition A = — 1 or (A, n) = 
(l,odd), it follows that for I'eZ 

yV*(i-i' ) = /° otherwise > (618) 

)n if I = I' (mod n). 

This implies that 

2JV-1 n-l 

E E^"^^) = ^N((hP'v^')* + (hi' +N w 1 ')*), 

i=0 fc=0 

2 EEV 2H 'r 2!j >(^^t) = 2niv(-i/+v'((^V'r - 

i=0 fc=0 

From these equations, we have 

2JV-ln-l 2JV-ln-l 



i=0 k=0 i=0 k=0 

2N-ln-l 2N-ln-l 

(^■'+V)* = E^ H 'r^>(^ fc )-(-i) j " + ''/ E E^'^'^^))- 



i=0 fc=0 i=0 fc=0 



r- (~i 



As a similar manner, we have 

2iV-l?i-l 



£ ^(-lJ^^'-^-^'F^V) = 2nN((h j 'w l 't)* + (V' +N w l 'ty), 

i=0 k=0 

2JV-ln-l 2 

53 ^(-l)^ r? - 2 ^'+^- 2 ^F(^ U ; fe t) = 2nN(-iy' +l '^ V - l 'a{(h^w l 'tr - {V' +N w 1 ' t)*) : 



i=0 k=0 
and 

2N-1 ra-1 



J w k ) 



i=0 fc=0 

2JV-ln-l 

+ (-l^'+^-^/a- 1 ^ 23(-l) i+ V 2W ' + *r* J >(tf«>*t)), 

8=0 fc=0 

1 2JV-ln-l 

(W+Vtr =-^( 53 53(-iy+y H '- fc r 2i/ i ? (/^ fc ) 

i=0 fc=0 

2JV-ln-l 

_ (-ly+^-^VV 1 53 53(-i) j+/c r ? - 2H ' +fc r^>(/i^ /£ t)). 



i=0 fc=0 

Thus i 7 is surjective, and whence .F is an isomorphism. This implies that a a p is non- 
degenerate. 

We consider the case of N = 1. Then £ = 1, and 

1 71-1 

F(h i w k ) = 5353r ? - 2fe/ ((/i^ i )* + (-ly'+Vttf'iw'i)*), 
i=o *=0 

1 71-1 

F(h i w k t) = J2J2(- i y +lr l 2kl ~ l {( hjwl T + (-l) i+k ri~ k a(h j w l t)*). 

3=0 1=0 

As a similar manner as above, we see that (w l 'y, (hw l 'y, (w l 'ty, (hw l 'ty can be represented by 

linear combinations of {F(h l w k ), F(h l w k t)}, and hence a a p is non-degenerate. □ 

Corollary 6.9. Suppose that A = —1, or (A,n) = (l,odd). Then the Hopf algebra A^ x is 
self-dual. 

Proof. In general, for a finite-dimensional Hopf algebra A, any braiding a : A (g) A — ► k gives 
rise to the Hopf pairing ( , ) : A cop tg) A — ► k defined by (x, y) = a(x, y) for x, y £ A, and this 
pairing induces a Hopf algebra map F : A — ► (A cop )* defined by (F(a))(b) = a (a, b) for a, b £ A. 
Applying this fact to the Hopf algebra -A^n and the braiding a a p , we have a Hopf algebra map 
F : A^ x n — > {{A^ X n ) cop y ■ Furthermore, an algebra isomorphism <f> : A~^ x n — ► A^ x n can be 
defined by <f>{xij) = Xji = 1,2), and we see that it becomes a Hopf algebra isomorphism form 
A% X to (A^) cop i 30 J- So > if a aj3 is non-degenerate, then the composition %oF : A% x — > (A^ x )* 
gives a Hopf algebra isomorphism. 



To complete the proof, by Theorem 16.81 h suffices to show that there are a, (3 such that 
a/3 is a primitive N-th root of unity, and a/3 -1 is a primitive n-th root of A. Let u> 6 k be a 
primitive 4niV-th root of unity. In the case of A = —1, we take a = uj N+2n , [3 = uj 2n ~ N . Then 
a/3" 1 = uj 2N is a primitive n-th root of —1, and a(3 = u; 4n is a primitive iV-th root of unity. In 
the case where A = 1 and n is odd, we take a = u 2N+2n , (3 = u) 2n ~ 2N . Then af3~ 1 = uj iN and 
a/3 = oj An are primitive n-th and primitive iV-th roots of unity, respectively. □ 

To show that Atf! is not self-dual for any even integer n, we compare the groups of group- 
like elements of yl++ and The structure of G(A^ n ) for all N > 1, n > 2 and A, v = ±1 
has already determined by S. Suzuki [30J. In the case where ./V is odd, and v = + the group 
G{A u j^ n ) is given as follows. 

Lemma 6.10 (S.Suzuki). 

G(A +X ) ^ l° 2 X ° 2N ( U iS eV6n ' ° r ( ' n ' A ' ) = ( odd ' 1 ^' 
X " 1 C47V (w is odd, and A = —1). 

On the contrary, we have: 

Lemma 6.11. The structure of G((A^ )*) is given as follows. 

SA$n (n is even), 

C2 x C27V (ra is odd), 

C2 x C2 x Cat fn is even), 
C4N (n is odd), 

where SAgN is the finite group of order 8N defined by 

SA 8N = ( b, c I b 2 = c 4N = 1, cb = bc 2N+1 ). 

Proof. Let u be a primitive 4n/V-th root of unity. 

(1) If n is even, then for fixed integers i,j, k there is an algebra map Xijk '■ ^jvn — y ^ such 
that Xijk(t) = (-1)% Xijk(w) = Xijk(h) = u 2nk . Since any algebra map — ► k 

coincides with some Xijk-, we have G((A~^Z)*) = { Xijk I hj = 0,1, k = 0,1, . . . ,2N — 1 }. 
Furthermore, since the product of G((A^)*) is given by 

XijkXi'j'k' = Xi+i'+(j+k)k',j+j',k+k' {hi' iJij' ->k,k G Z), 

a := XlOO; b := Xoio> c := X001 satisfy the equations a 2 = b 2 = 1, c 2N = a, cb = bc 2N+1 . Thus 
we have G((A++)*) = ( b, c | b 2 = c m = 1, c6 = 6c 2Ar+1 ) = SA 8N - 

If n is odd, then for fixed integers i, k there is an algebra map Xik '■ -^tit — * & such that 
XtJfc(*) = (-!)*, Xifc(w) = (-l) fc , Xikih) = uj 2nk . Since any algebra map — > fc coincides 
with some Xifc, we have G((^4^)*) = { Xik \ i = 0, 1, fc = 0, 1, . . . , 2iV — 1 }. Furthermore, since 
the product of G((A^+)*) is given by 

XikXi'k' = Xi+i',k+k' (h i', k, k' € Z), 



we see that G{{A++)*) ^ C 2 x C 2N - 

(2) If n is even, then as the same manner with the proof of Part (1) we see that G((A~^~)*) = 
{ Xijk | h 3 = 0, 1, k = 0, 2, . . . , 2N — 2 }, where Xijk ■ ^TVn — * ^ ^ s * ne algebra map such 
that Xijk(t) = XijfcH = (-l) i , XyfcO) = w 2nfc . The product of G((A%~)*) is given by 

XijkXi'j'k* = Xi+i',j+j',k+k' for all i, i',j,f, k, k' G Z. Thus the group G((A%~)*) is commutative. 
Since a := Xioo> b := Xoio> c := X002 satisfy the equations a 2 = b 2 = 1, cr* = 1, we see that 
= C 2 x C 2 x C N . 

If n is odd, then, G((A+;)*) = { X ik \i = 0, 1, k = 0, 2, . . . , 2JV-2 }, where X ; fc : A+; — ► fc 
is the algebra map such that Xik(t) = (— l) 1 , Xik(w) = 1, Xik{h) = w 2nfc . Since the product 
of is given by XikXi'k' = Xi+i'+kk',k+k' for all i,i',k,k' G Z), we see that the group 

G((.A]y~)*) is commutative. Furthermore, a := xio and b := X oi satisfy the equations a 2 = 
1, 6 27V = a, and hence G((A£~)*) = C 4iV . □ 

If a semisimple Hopf algebra A possesses a quasitriangular structure, the representation ring 
needs to be commutative. In the case where N > 1 is odd, and n is even, by Lemma 16.111 the 
representation ring of the dual Hopf algebra (A~ffl)* are not commutative, and therefore there 
is no quasitriangular structure of (A~j^)*. 

By Lemma 16.101 and Lemma 16.111 we have: 

Proposition 6.12. If n is even, then the Hopf algebra A"t^, is not self-dual. 

Proof. The group G(A^) = C 2 xC 2 n is commutative by Lemma lrTTOl meanwhile = 
SA 8N is not by Lemma EHJ This implies that G(Aj+) p G((A++)*), and ^++ ^ □ 

Corollary 6.13. If n is even, then all braidings of A^ degenerate. 

Proof. Assume that there is a non-degenerate braiding of A'^. Then there is a Hopf algebra 
isomorphism F : A~^ — > ({^Nn) cop )*- Let us consider the Hopf algebra isomorphism <p : 
A tft — > ( A Nt) COp defined by 4>(xij) = xji (i,j = 1, 2). Then the composition % o F : Aj^ — > 
(^Nn)* * s also a Hopf algebra isomorphism. This contradicts Proposition 16.121 □ 
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